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1. Hardware Based Rendering
Aydin Ozturk, Ahmet Bilgili, Serkan Ensoner
International Computer Institute, Ege University, May 2005
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Abstract
The objective of this report is to provide a survey of relevant topics
and focus on the state-of-the art techniques on hardware based
rendering. Lighting models based on Bidirectional Reflectance
Distribution Functions were considered and algorithms and
corresponding hardware implementations were reviewed.
Keywords: real-time rendering, lighting and shading, graphics
hardware, BRDFs

1.1 Introduction
1.1.1 Purpose of this report
This report is a technical document of the research project CADPIPE (CAD
Pipeline) on Hardware Based Rendering. The objective of this report is to provide a
survey of relevant topics and focus on the state-of-the art techniques.

1.1.2 Background
In computer graphics one usually starts with an application program and ends with
an image. This process can be considered as a black box. Within each black box, a
number of tasks including geometric transformations, clipping, shading, hidden surface
removal, occlusion culling, and rasterization are carried out. Whatever the strategy is
used to organize these tasks, every geometric object must pass through the system and a
color must be assigned to every pixel in the buffer that is displayed [1].
Today, most of the graphics systems employ rendering techniques based on pipeline
architecture. There are three major stages in a real-time rendering pipeline namely
application, geometry, and rasterization [2]. A typical result of the application stage is
4
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sets of vertices that define a group of geometric objects. In this stage the programmer has
full control since all executions are performed through the software. Which geometric
objects can be displayed and what color can be assigned to the vertices of the
corresponding objects are determined in the geometry stage. Therefore, mostly per-vertex
or per-polygon operations take place in this stage. The geometric stage also consists of
sub stages in the following order: Model and viewing transformation, Lighting,
Projection, Clipping and Screen mapping. After having obtained the transformed
vertices, colors and texture coordinates, the correct colors are assigned to the pixels in
rasterization stage. For high performance graphics, it is difficult to change the
implementation in the geometry and rasterization stages since they are mostly built on
hardware.
Points, lines, and triangles are the rendering primitives that are used to build
objects. Typically a scene consists of geometrically complex objects with different
surface properties, such as texture, reflectance and transparency. The objects are rendered
under various lighting conditions applying a local or global illumination model, which
includes multiple, dynamically changing light sources and produces correct shadows. The
rendering algorithm should be capable of resolving visibility of the objects and delivering
images at interactive frame rates, even for very complex objects.
Before the 1980s, offline rendering was the main concern of computer graphics.
Even though to create a photorealistic image could take long time to compute. However
many applications require interactive 3D image synthesis. With the introduction of
hardware support an important development has been achieved to improve the speed and
quality of the interactive techniques. This opened a road to a new direction of research
and development towards real-time rendering. Up to now, many algorithms have been
developed to obtain higher quality and more realistic images. Over the past few years, the
computational power of graphics processing units has changed dramatically. As a result a
low-end PC graphics hardware now is capable to render millions of polygons shaded with
very complex effects to create high quality images to render in real-time.

1.1.3 Overview
The research being covered in this report includes two separate topics namely
Hardware Based Rendering and Real-time Culling Techniques. The core objective of this
research is to review the developments of the methods within each of these topics and
focus on the corresponding state-of-the art technologies.
In section 2, hardware based lighting and shading and in section 3, occlusion
culling techniques are presented along with corresponding discussions and conclusions.

1.2 Hardware based lighting and shading

5

CADPIPE

State-of-the Art Hardware Based Rendering

1.0

In this section we consider current graphics hardware. Graphics hardware can be
accessed through a graphics application interface such as OpenGL [3] and DirectX [4].
In a graphics application one starts with a set of objects each of which comprises a
set of graphical primitives. Also each primitive comprises a set of vertices. The collection
of these primitives can be thought as defining the geometry of the scene. To process these
vertices, a standard rendering pipeline with some variations is commonly used by
graphics hardware [5]. In the beginning of the pipeline, a graphics processing unit (GPU)
receives the geometry but usually points, lines and polygons are supported only. This
information is passed one vertex at a time to the GPU, to perform vertex operations such
as transformation and lighting. The projected geometry is scan converted, textured and
piped through a number of tests such as depth and alpha tests. Finally resulting fragments
are written to the frame buffer after blending these fragments with the existing ones. In
such a pipeline every geometric primitive is executed in a fixed order. A major drawback
with this type of pipelines is that it is difficult to modify the fixed order of operation and
existing graphics hardware does not support such modification [6].

1.2.1 Vertex shaders
The two major functions of geometry stage are to carry out the transformation of
the geometric primitives and to compute a color for each vertex. The graphic hardware
designed according to fixed function pipeline supports one lighting model only which
limits incorporating physically realistic models. After multiple stages of transformations
the resulting geometry is transformed by a projection transformation and thus all
primitives clipped and all vertices are transformed into screen coordinates. Texture
coordinates are also defined in this stage.
Graphics architectures have experienced incredible changes in the last few years.
It became apparent that the fixed function pipeline can not meet all the needs of 3D
graphics programming. Recent developments in pipeline architecture has made possible
to program the vertex processor. As a result of this using many important techniques in
real time become possible [7].
The programmable part of the transform and lighting unit is called vertex shader
which replaces the fixed function operations. A vertex shader is executed on each vertex
as it moves along the pipeline. For each vertex, a vertex shader gets the vertex position
defined by the application program and some related information including the current
color, the texture coordinates and material properties. Every vertex shader outputs at least
a vertex position for the rasterizer [1].
The vertex shaders support some basic instructions such as instructions for dot
product computation, reciprocals and logarithms. The latest version of vertex shaders also
can do simple branching [8].
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1.2.2 Pixel shaders
The pixel shaders (or fragment shader) have similar functionality as the vertex
shaders but the pixel shaders perform the execution after the rasterizer and operate on
each fragment rather than on each vertex. Often pixel shaders require data from the
vertex shader and they have to be "driven" by the vertex shader. For example to calculate
per-pixel lighting the pixel shader needs the orientation of the triangle, the orientation of
the light vector and in some cases the orientation of the view vector [9].
The pixel shaders execute a user defined program in which the instruction set
works on four vector, operations include multiplication, dot product, reciprocals, square
roots etc. Texture lookups are also possible with pixel shaders. Texture coordinates are
computed in the fragment shader and then the lookup is done in the same shader.
GeForceFX (NVIDIA) and Radeon 9700/9800 (ATI) cards are among the most popular
high end products of pixel shaders.

1.3 BRDF-based lighting
In this section Bi-directional Reflectance Distribution Function (BRDF) is
introduced briefly. A more detailed treatment of the subject can be found in a paper by
Wynn [10].
A fundamental problem in computer graphics is how to model the light as it
bounces off the object surface. An integral part of this problem is how to model the
interaction of light with different types of materials. When light interacts with matter, a
complicated light-matter dynamic occurs. This interaction not only depends on the
physical characteristics of the light but also composition and the characteristics of the
matter. For example, an opaque surface like cloth will reflect light differently than a
smooth surface like a mirror differently. This reflection information can be modeled by a
function called a Bi-directional Reflectance Distribution Function (BRDF). A BRDF is
used during rendering to determine the appearance of a material under varying viewing
and lighting conditions.
In graphics applications mostly simple models have been used to approximate
reflection of light. However, these models (Phong model being the most sophisticated)
can not meet the quality requirements of a wide range of graphics applications today. The
use of techniques based on BRDFs, can drastically increase the visual realism of a scene
[11].
When light strikes on a surface, some of it is reflected, some of it is absorbed and
remaining portion of it is transmitted. It is well known that the light incident at a given
surface is equal to the sum of reflected, absorbed and transmitted light. It is the reflected
light that can be seen by an observer viewing the illuminated surface. A BRDF model
describes how much light is reflected from a certain material.
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The amount of reflected light depends on the viewing position and light direction
relative to surface normal. Therefore a BRDF can be defined as a function of incoming
and outgoing light directions. Another factor is the wave length of the incoming light.
Finally, since the light interaction may not be homogeneous over the surface, positional
variance is included in the BRDF model. A general BRDF can be written as
f λ (θ i ,φi ,θ o ,φo , u , v) where ( θ i ,φi ) and ( θ o ,φo ) represent the incoming and outgoing
light directions in terms of spherical coordinates respectively, and (u , v ) represent the
surface position. Although positional variance is an important factor, it is common to use
a BRDF without this factor. In this case the BRDF is called position-invariant and
expressed as f λ (θ i ,φi ,θ o ,φo ) . Positional variance can be introduced through the detail
texture for a position-invariant BRDF. A BRDF is defined to be the ratio of the amount
of reflected outgoing light to the amount of incoming light that is

f λ (θ i ,φi ,θ o ,φo ) =

Lo
Li cosθ i dwi

(2.1)

There are two classes of BRDF: Isotropic and anisotropic. A material is called
isotropic if its reflection is invariant with respect to rotation of the surface around its
normal otherwise it is called anisotropic. The BRDF has to have two important
properties: reciprocity and conservation of energy. Reciprocity property refers that the
BRDF must be symmetrical in terms of the incoming and outgoing light. The
conservation of energy property states that no more energy must be reflected than it is
received [12].
The amount of outgoing light is a function of all incoming light and the BRDF at
the surface point. This means that the amount of light reflected in the outgoing direction
is the integral of such reflected light from each incoming direction. It is more convenient
to use discrete space instead of continuous space since only limited number of light
sources is used in practice. Based on this consideration, the general BRDF lighting
equation for n light sources can be written as
n

Lo = ∑ f λ (θ j ,φ j ,θ o ,φo )Lij cosθ i j
i
i

(2.2)

j =1

j

j

j

Where Li and (θ i , φi ) are the intensity and the direction of the jth light source
respectively.
The Phong model without ambient light can be written as

(

Lo = Li k d (L • N ) + k s (R • V )n

)

(2.3)
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where L and V correspond to wi and wo in BRDF notation above, and R is the principle
reflection direction. Rewriting this equation we get

Lo =

Reflection ( wi , wo )
Li cosθ i dwi
cosθ i dwi

(2.4)

Comparing the equations (2.1) and (2.4), the following relation between BRDF and
Phong models can be expressed as [10]

k d ( wi • N) + k s (R • wo ) n
f λ (θ i ,φi ,θ o ,φo ) =
cosθ i dwi

(2.5)

Unfortunately only a limited number of material reflectance properties can be
modeled by this equation.

1.3.1 Implementing BRDFs using hardware
The easiest way of using a BRDF model is to compute the vertex color and pass it
to the graphics pipeline. A major difficulty with this approach is that the BRDFs
reflectance often does not exhibit a linear variation over the surface. This difficulty can
be overcome by increasing the level of detail of the tessellated surface at the expense of
increasing the computational cost. Vertex shaders can be used efficiently to compute the
BRDF values. NVIDIA [14] has shown that for example, Minaert BRDF [15] can be
implemented per vertex.
Pixel shaders are also used to compute BRDF models. Baodin [13] explains how
to implement a Phong highlighting using a pixel shader. Computation of more complex
BRDF models now is an active area of research [16]. Heidrich and Seidel [17] used two
texture maps to approximate the corresponding terms in some illumination models. Kautz
and Seidel [18] used pixel shading to render surfaces based on anisotropic
representations.
Generally, BRDF models are composed of a series of functions and these
functions are added or multiplied together. Complex illumination equations can be
computed easily if the corresponding terms are treated separately. If these functions are
expensive to evaluate on the shader they can be represented by textures.
Since a BRDF model except the simplified versions, has four parameters, the
computed results can be represented in four dimensional (4D) tables. It would be nice to
have a hardware accelerated 4D texture lookup table to store the BRDF and then compute
the lighting equation performing a texture lookup for each pixel. The current graphics
hardware has 2D texture mapping capability, no hardware currently available to support

9

CADPIPE

State-of-the Art Hardware Based Rendering

1.0

4D texture mapping needed to implement a BRDF model. Storage requirements for the
evaluated BRDFs would be very high even if 4D texture mapping were possible to
implement.
One possibility of computing the lighting equation (2.2) is to make use of 2D
textures to approximate the 4D function [19]. This can be achieved if the four
dimensional BRDF can be expressed as the product of two 2D functions as

f λ (θ i ,φi ,θ o ,φo ) = g (θ i ,φi ) ⋅ h(θ o ,φo )
Based on this factorization, a pair of 2D texture-lookups instead of a 4D lookups can be
used to compute the BRDF function. Using this expression, the BRDF lighting equation
(2.2) becomes

Lo = g (θ i ,φi ) ⋅ h(θ o ,φo ) Li coθ i
The function values corresponding to g (θ i ,φi ) and h(θ o ,φo ) can be obtained through
2D texture lookup.
The rendering process has two stages:
- Preprocessing stage: Factorizing 4D BRDF function into two 2D functions
and representing as a pair of texture maps,
- Runtime stage: Reconstructing the BRDF end computing the lighting equation
(2.2).
Wynn [19] provided an overview and implementation guide about how to separate and
reconstruct the BRDF, and provide the corresponding algorithms.
For practical applications, it has been found that for many surfaces that just a
single pair of two textures is sufficient to give reasonably convincing results for many
materials [20]. The basic factorization algorithm and its implementation are given by
Kautz et al. [21]. Examples of renderings of a teapot based on Kautz factorization
algorithm is shown in Figure 1. McCool et al. [13] presented a new factorization
technique with some advantages over the basic factorization algorithm.

1.4 Comparison of algorithms
In a recent paper, Kautz [7] have made a comprehensive review of local real-time
shading algorithms. He has chosen 24 different algorithms and considered various BRDF
models including diffuse, isotropic, anisotropic and shift-variant BRDFs. Clearly, the best
choice of the algorithm depends on the effect to be simulated. He has concluded that
algorithm that is developed by Kautz and Seidel [23] is the most general, flexible and
most widely used.
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Figure 1. (a) Brushed Metal

Figure 1(b): Gold
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Figure 1(c): Pea-cock Feather
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Abstract
This section of the report presents methods which are used to
design curve and surface shapes. Computer aided design (CAD)
tools are widely used in industrial design of models. Today, Nonuniform Rational Splines (NURBs) become standard entities in
CAD systems. A brief description of NURBs curves and surfaces is
introduced. A number of important issues such as polygonal
representation, tessellation and trimming the NURBs surfaces are
considered and related work are reviewed. Algorithms developed
for rendering large data sets are also discussed.
Keywords: Parametric surfaces, NURBs rendering, NURBs
tessellation, T-splines.

2.1 Introduction
The world around us is full of different kind of objects and material surfaces such
as clouds, trees, rocks, water, marble, plastic, metal etc. There is no common method to
describe all these objects realistically. Nevertheless in computer graphics we tend to
create the world with flat object. There is a good reason for such approximation
approach. Graphics systems can render flat three-dimensional polygons at high rates,
including doing hidden surface removal, shading and texture mapping.
Simple Euclidean objects such as sphere and ellipsoids can be described by
polygon and quadric surfaces; natural objects such as mountains, clouds and fog can be
modeled procedural methods like fractal techniques; in designing and modeling structures
with curved surfaces such as aircrafts, buildings and car engines, spline techniques are
commonly used.
Mainly, splines are used to design curve and surface shapes. A spline curve is
specified by giving a set of coordinate positions called control points. Then a curve is
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fitted to these control points to interpolate or approximate the corresponding curve or
surface.
There are a number of spline types including Cardinal Splines, Kochanec-Bartlet
Splines, Bezier Splines and B-Splines that have been used to describe the curved surface.
Among these, so called Nonuniform Rational B-Splines (NURBs) have been widely
used. In the subsequent sections we explain various aspects of NURBs.

2.2 NURBs
A general expression for a point on a B-Spline curve is defined by
n

P(u ) = ∑ p i N i , d (u )

(2.1)

i =0

where pi, (i=1,2, ..., n) represent the control points and the so called blending function
N i , d (u ) is the ith B-spline base function of degree d. These blending functions are
defined by the Cox-deBoor recursion formulas [1]

u ∈ [ui , ui +1 )
1
N i ,0 (u ) = 
u ∉ [ui , ui +1 )
0
−u
u − ui
u
N i , d (u ) =
N i , d −1 (u ) + i + d +1
N i +1, d −1 (u )
ui + d − ui
u i + d +1 − u i + d

(2.2)

Each blending function is defined over d sub-intervals defined by ui (0 ≤ u0 ≤ u1 ≤
... ≤ um ≤1). ui is called as a knot value and the entire set of selected values of ui that is
u'=(u0, u1, ... , um ) is called as a knot vector. The flexibility of a B-Spline depends on the
choice of the knot vector and the value of d which defines the degree of the
corresponding polynom to be fitted.
If some weights wi, (i=1,2, ..., n, wi > 0) are used in (1.1) to assign more weights
for certain control points, we obtain the following normalized representation
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P(u ) =

1
n

∑ wi N i , d (u )

n

∑ p i wi N i , d (u )

1.0

(2.3)

i =0

i =0

This representation of B-Splines is called NURB. NURBS provide exact
representation for quadratic curves such as circles and conics. They are also invariant
with respect to perspective viewing transformation.
Formulation NURB surfaces is a straight generalization of the NURB curves that
is
m

n

∑ ∑ N i , d (u ) N j , d (v) wi , j p i , j

P(u , v) =

i =0 j =0
m n

(2.4)

∑ ∑ N i , d (u ) N j , d (v) wi , j

i =0 j =0

By moving in the u and v directions and evaluating the equations for points on the
surface a grid of the sample points on the surface can be obtained. A uniform triangle
mesh can be obtained by joining the corner points of quadrilaterals.
The normal of each triangle surface can be computed by taking the cross product
of surface derivatives

n=

∂
∂
P(u , v) × P(u , v)
∂u
∂u

(2.5)

and normalizing the resulting vector. This evaluation scheme is known as uniform
tessellation [2,3]. This method requires less CPU usage and easy to implement. Also it
allows to precompute the blending function at the preprocessing stage [4]. Control points
are invariant under affine transformations. Vertices are lighted in image space. A main
property of NURBS is that the surface curve lies completely within the convex hull
formed by its control points. Therefore the underlying polygon defined by the control
points can be used as bounding box for culling. It has been shown that by repeatedly
making subdivision through knot insertion the corresponding polygon based on control
points converges to the surface [5].
A major difficulty faced in application of uniformly tessellated NURBS surfaces
is that the underlying surface can be under sampled or over sampled. This problem has
been considered in [6]. Adaptive tessellation approach approximates the surface more
accurately when the surface has highly varying curvature but this technique is CPU
intensive. Grahn et al [4] have reported that if uniform tessellation formed by dividing
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knot intervals into fixed number of subintervals can sample the surface accurately
providing lesser computational requirements.
An important issue in forming the uniform tessellation of NURBs surfaces is
determination of the step sizes. Some of the algorithms use size criterion determines the
bounds based on the size of the resulting triangles in screen space. While others use
deviation criterion to compute a bound on the maximum deviation of the tessellated
surface from the NURBs surface algorithms in the second group generally produce good
result but computationally expensive [3,7].
Joining the NURBs surfaces to model an object is not straightforward since the
adjacent surfaces are not necessarily be tessellated with the same step size. Therefore
cracks appear at the joining boundaries of the patches. If the boundary curve of each
adjacent surface can be described by an identical parametric function then a strip of
coving triangles can be obtained [3].

Figure 1. Hand model represented by spline surfaces. Cracks are seen in the small rectangular area: (a)
Before sewing (b) After sewing.

In many applications, a surface modeling may require some features that can not
be easily implemented. For example a hole on the surface is needed so that a conduit can
pass through the surface. This can be achieved by so called trimming curves or trimming
loops. Trimming curves are closed curves that can be used to render a surface from which
the areas defined by curves have been removed. Trimming loops can be represented by
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2D NURBS curves. The B-Spline representation can be used to render the tessellated
trimmed surfaces [8]. The rendering algorithm computes the intersections of trimming
curves with the isolines. In some algorithms [3,7] NURBs surfaces first are converted to
Bezier surfaces since trimming operations are simpler in Bezier representations and then
transformed back to NURBs representation.
Local control of NURBs curves and surfaces can be achieved by knot insertion.
Such process does not alter the shape of the curve or surface. Various algorithms have
been developed for knot insertion [9], [10], and [11].
In order to meet the high quality visualization demands posed by CAD
applications, conventional NURBs rendering methods require a careful preparation of
converted models. On the other hand the industrial need for larger and more detailed
models is increasing; the CAD models are getting more complicated. For example a
typical car body together with the visible parts of the interior consists about 70,000
trimmed NURBs patches with more than 5 million control points [12]. In such case the
complete models often do not fit into the main memory and at once and therefore the use
of out-of-core techniques become necessary. Guthe et al [12] developed a fast trimmed
NURBS real-time rendering algorithm which has out-of-core support with fully
automatic preprocessing.

Figure 2: NURBS head model [15]
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2.3 T-splines
For rendering purposes NURBs have been widely used in industrial design of
models. However, there is a weakness with NURBs models that is it assumes that the
corresponding control points lie topologically in a rectangular grid. As a result of this
many control point have to be used only to meet the topological constrains but nothing
else. Sederberg et al [13] introduced a class of splines which are generalization of
NURBs, are capable to describe the same NURBs surface by removing the unnecessary
control points. The difference between the number of control points used by the NURBs
and the T-spline surfaces is depicted in Figure 3. In this example models based on Tsplines used about one quarter of the total control points only. The T-spline model is
geometrically equivalent to the NURBS model. Head models after applying NURBs and
T-splines are shown in Figure 4.
It is important for designers to reduce the total number of control points by
discarding the redundant control points. Redundant points also cause some undesired
ripples in the spline surface.

2.4 Hardware Based Parametric Surface Rendering
The standard method for visualizing a parametric surface is to tessellate it
(uniformly or adaptively) and render the triangulation. The rendering system performs the
lighting calculation using vertex positions and normals, and linearly interpolates the color
values across the triangles. Doggett et al [16] and Moule et al [17] both proposed a
method for adaptive tessallation of parametric surfaces. Their method uses displacement
mapping which is a technique for applying fine geometric detail to a simpler base
surface, but requires a new hardware architecture which is not available yet. In a later
study, Popa et al [18] proposed stream graphics architectures for adaptive tesellation.
A more advanced method for visualizing a parametric surface is to use pixel
shaders, in order to linearly interpolate the surface normals (or other relevant quantities)
instead of the colors, and do the lighting calculation per pixel. This strategy produces
higher visual quality, but the correct color still can be obtained at the vertices only[19].
Another method is to attach to each vertex in the tessellation the associated pair of
surface parameter values and utilize a pixel shader in order to (correctly) evaluate the
surface positions and normals. This is possible for various types of surfaces, including Bspline and subdivision surfaces [20]. While this improves both the visual quality and the
correctness, the problem is that only the vertices are rendered correctly. Therefore it is
necessary to use a tessellation where each rendered triangle only covers a few pixels on
the screen.
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Yasui and Kanai [21] proposed a method for using the surface evaluation
capabilities of modern graphics hardware for correct rendering of parametric surfaces.
Their method renders a coarse tessellation of the surface using a pixel shader which
evaluates the surface using the linearly interpolated parameter values, and “moves” the
pixel into the correct position of the frame buffer..
Hjelmervik et al [19] proposed a new method inspired by Yasui and Kanai [21],
which aims to remove artifacts produced by Yasui and Kanai’s method. In addition,
Hjelmervik’s method ensures that the resulting image does not contain holes or other
defects. The method proposed by Hjelmervik utilizes the graphics hardware to create a
view-dependent tessellation, where each triangle covers approximately the same number
of pixels[19].

2.5 Conclusion
NURBs as a generalization of B-splines have been widely used to describe the
curved surfaces. They provide a convenient way to describe surfaces of almost any shape
and the trimming process enables the designers to remove the unneeded areas
corresponding to the joining hole on the surface.
NURBs surfaces have to be transformed into polygonal representation since
current graphics hardware does not support direct rendering in their analytic
representation with control points. In other words the NURBs surfaces need to be
tessellated. After the triangulation of the NURBs surfaces are performed then the
problem of rendering of these polygons is reduced to employing the most convenient
lighting and shading models that are introduced in Section 1 of this report.
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Figure 3. Head models based on NURBS and T-splines. (a) NURBs with 4712 control points (b) T-spline
with 1109 control points (From Sederberg et al [14]). The red NURBs control points were not used in the
T-spline model

Figure 4. NURBs and T-spline models (From Sederberg et al [14]).
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As the industrial need dictates the usage of more complicated CAD models based on
large data sets, designers tend to use real-timeout-of-core techniques for rendering
purpose. In this context, a fast and memory efficient view- dependent trimmed NURBs
rendering algorithm developed by Guthe et al [12] can be used.
T-spline techniques as a new way of describing surfaces seem to be promising and it
has a potential to be the state-of-the art technology in the near future. Currently it is hard
to make a detailed evaluation of this technology as it does not have an open source.
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Abstract
The complexity of 3D models grows faster than the ability of our
hardware to render them. Since the first structure described by
Clark [Clark1976] incorporating LOD and other common
techniques such as view-frustum culling, many ameliorations have
been exploited. We describe here the types of models to simplify
and the reasons of simplification. This process of mesh
simplification is based on a geometric or topological approach,
using off-line or in runtime an error measure that controls the
quality of the results. Then we overview the different methods in
this field according to the approach they use and we explain the
need of appearance preserving and out-of-core techniques.
Keywords:
data
reduction,
polygonal
simplification,
multiresolution modeling, surface approximation, level of detail,
decimation, refinement, view-dependent rendering

3.1 Preliminaries
3.1.1 Simplification for what?

3.1.1.1 Real Time rendering (visualization in RT)
In many graphics domains the speed is the main importance. For example in video
games it is important to perceive in real-time the scene changing while you are navigate
inside the game world. A CAD designer wants to visualize rapidly the results of his
modifications on the model without having to wait several hours of computation. For
these reasons, it is important to find techniques to simplify the models to be able to see
them in real-time. The creation of various levels of detail (LOD) associated to a model
will allow to visualize only the part necessary to the user. For example, when the object is
far away, less detail will be needed as human eye can not perceive these details and in the
opposite more details should be display when the viewer is closed from the object (see
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Figure 1). Less detail is needed to be computed for visualization, less time we will
require to display it.

Figure 1: An example of levels-of-detail [Luebke2001]

3.1.1.2 Transmission to the network
Many researches have been focused on the extremely high detail models of the
scanned 3D shapes. The scanning technology greatly improved both the quality of model
and the size of data to be processed. Thus it is necessary to find solution to transmit and
render huge datasets to the network. Many approaches are presented to reduce the
complexity of details (usually in polygons) to transmit without loosing the quality of the
model.

3.1.2 Simplification to what?
Simplification algorithms are generally applied to mesh objects (most of the time
triangulated) or curve objects.

3.1.2.1 To curves
Curves open and closed, are 1-dimensional manifolds. The first idea to represent a
curve is to store a curve as many small straight line segments. However, as the
smoothness of the curve increases with the number of points/line segments, it is not
convenient to have to specify so many points. Another approach to represent the curve is
to work out the equation that represents the curve but it is difficult for complex curve and
moving an individual point requires re-calculation of the entire curve. To resolve these
problems, is used the interpolation. Then the curve is obtained by defining a small
number of points and use interpolation to invent the extra points for us and joining the
points with a series of straight lines. The representation of straight line can be done using
linear parametric equation, while curves need polynomial equations. Polynomial curves
can be represented by the sum of polynomials (called also basis functions) each weighted
by a 2D or 3D coefficient control (the control points) as follow:
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 x(t )  n
Q(t ) =  y (t ) = ∑ Bin (t ) ⋅ Pi
 z (t )  i =0
Where Q(t ) ∈ ℜ3 is a point on the curve,
Pi ∈ ℜ3 are the control points,
and Bin (t) ∈ ℜ are the basis functions.
The shape of the curve depends on the degree n:
• If n=0, the curve is constant
• If n=1, the curve is linear
• If n=2, the curve is quadratic
• If n=3, the curve is cubic
In this document, focus is made on the representation of 3D shapes. Thus, further
detail on the curve representation and corresponding parametric surfaces is covered in
other deliverables.

3.1.2.2 To meshes/surfaces
A mesh is a collection of triangular or quadrilateral polygons (i.e. closed plane
figures formed by three or more line segments) that forms a surface. This graphics object
is composed of vertices, edges and faces that represent a topological polyhedron (i.e. a
solid figure with flat faces that are polygons).

Figure 4: Examples of polyhedrons

The topology is the properties that are preserved through deformations, twists,
and stretches of objects. Thus the topology of the mesh is preserved if simplification does
not result in creation or deletion of holes. While a cup and a sphere are topologically
equivalent, a sphere and a doughnut are not.
A mesh has two components:
• The mesh geometry that is represented by vertices
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• The mesh connectivity that is represented by edges or faces that connect vertices.
The mesh connectivity encodes the topology of the mesh. Simplification of the mesh
geometry may or may not result in simplification of the mesh topology.
Most of simplification algorithms deal exclusively with triangle meshes. If the
mesh is not composed of triangulated polygons, it would be necessary to triangulate them
at a preprocessing step.

The vertices of a mesh can be classified [Schroeder92] into five categories:
• Simple: a simple vertex is locally manifold surrounded by a single complete ring
of triangles, each of which shares a single edge with the vertex
• Boundary: boundary vertices differ in that the set of triangles does not form a
complete ring
• Interior edge: a simple vertex with less than three feature edges (defined by
angle between two triangles but which could also depend on material attributes
such as color or texture coordinates)
• Corner: vertices with three or more feature edges
• Nonmanifold: vertices which make nonmanifold surface parts.

Figure 5: Types of vertices
The simplification method have been considering some or all of those different
types of vertices as it could be a important features to the shape or constraints given by
user. Dealing with those constraints could be dealt in explicitly or implicitly.
Different kinds of meshes have been chosen to be simplified such as height fields,
manifold or non-manifold surfaces that we describe in the next sections.

3.1.2.3 Height/scalar fields and parametric surfaces
Height fields and parametric surfaces are the simplest class of surfaces. They can
be defined as a set of points satisfying an equation of the form z = f(x,y) where x and y
range over a subset of the Cartesian plane. They can also be defined as a matrix of points
that are distributed regularly on a two-dimensional grid. While height fields are generally
used to create terrain models of hundreds of triangles in a mesh, parametric surfaces are
used to construct NURBS for example.

3.1.2.3.1 Manifolds
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Manifolds are more difficult to simplify than parametric surfaces or height fields because
there is no natural 2D parametrization of the surface.
Manifolds (and only manifolds) can be defined by:
• Their genus g which represents the number of holes in the mesh.
Examples: a sphere and a cube have g=0 while a torus or a coffee cup have g=1
• Their Euler characteristic e = V-E+F with V: vertices, E: edges and F: faces. So
the relationship between e and g is: e = 2-2g
Examples: sphere or cube have e=2-2(0)=2 while torus has e=2-2(1)=0
• Their orientability: if we have consistent normal direction for a point then the
object is orientable otherwise non-orientable.

3.1.2.3.1.1

2D Manifolds

2D manifolds follow these properties:
• every edge has exactly two incident triangles
• neighborhood of every point belonging to the object is homeomorphic to an open
disc
• thus, every edge is bordered by exactly two faces; t-junctions, internal polygons,
and breaks in the mesh are not allowed
While 2D manifolds with boundaries follow these properties:
• every edge has either one or two incident triangles
• neighborhood of every point belonging to the object is homeomorphic to an open
disc or a half-disk

3.1.2.3.1.2

3D Manifolds

3D manifolds follow these properties:
• every triangle has exactly two incident tetrahedrons
• neighborhood of every point belonging to the object is homeomorphic to an open
ball
While 3D manifolds with boundaries follow these properties:
• Every triangle has either one or two incident tetrahedrons
• Neighborhood of every point belonging to the object is homeomorphic to an open
ball or a half-ball

3.1.2.3.2 Non-manifolds
Non-manifold surfaces are the most general class of surfaces which permits three
or more triangles to share an edge and permits arbitrary polygon intersection. In nonmanifold surfaces can appear edges shared by more than two triangles or patches
touching each other in one vertex. (see Figure)
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3.1.3 Survey of polygonal reductions

3.1.3.1 Culling and caching
The culling method reduces costs for the entire rendering pipeline. The culling method
eliminates a portion of the data that is not seen in the final rendered images. By
eliminating the data before the rendering pipeline processing, the whole pipeline stage
benefits. This method is especially useful for systems with surplus processing power in
the application processor, which is the case of most current rendering systems. The
culling method is described in other STA documents, thus it will not be covered in this
document.
The caching method is also a very effective and popular method to improve
rendering performance. Basically, caching methods try to cache information to relieve the
burdens at bottleneck stages. By reducing the time cost of a bottleneck stage, the entire
performance of the pipeline is increased. In modern rendering systems, high-speed
rendering subsystem cache memory is used to cache information to be transferred
through the bus or to cache intermediate computation results of the geometry processor.
For geometry, most current rendering API provides control over the caching mechanism.
Geometry data can be cached in the cache memory, and intermediate computation results
are stored in a special form of ‘draw lists’.

3.1.3.2 Multiresolution/Mesh simplification
While height fields (called terrains in cartography) and parametric surfaces use
simplification methods such as regular grid, hierarchical subdivision, refinement and
decimation methods, mesh simplification use specific operators and error metrics. These
multiresolution techniques will be described in section III.

3.1.3.3 Geometric compression
It is also important not to confuse the geometric simplification and the geometric
compression. Indeed these two techniques are greatly different and we deal in this paper
only with simplification methods. Just for a brief description of geometric compression,
we can define it as a coding of meshes where the vertices of the mesh are coded in an
order that partially contains the topology of the mesh. Taubin and Rossignac
[Taubin1998] were the first to propose to use the transmission order of the mesh vertices
to code the topology and code the vertex positions. Touma and Gotsman [Touma1998]
described a similar technique but with a different way to traverse the triangulation. And
Cohen-Or, Levin and Remez [Cohen-Or1999] used multiresolution decomposition to
obtain a progressive compression of the meshes.

3.1.4 Conclusion
Since the progresses of science in term of design modeling and thus the increase of data
sets size, mesh simplification became a real need to transmit these models over the
network while keeping fidelity and having the possibility to visualize them in real-time.
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These kinds of models can be from different types and the choice of the algorithm will
differ with the models treated.
In this document, main focus will be given to the triangular mesh as it is the main
representation scheme for the 3D visualization. Another important representation is the
parametric surface which is quite popularly used in CAD domain. The useful feature of
the parametric surface such as NURBS is that the simplification process is usually
conducted through controlling tessellation levels. Furthermore, there have been a few
approaches to devise and use hierarchical parameterizations such as hierarchical BSpline, Wavelet, etc. So far, it is quite time consuming task to render those parameterized
surfaces in real-time, the most of approaches finally converts the parameterized surface
into triangular meshes.
This document is composed of 4 main parts, in Chapter 2, evaluation mechanisms to
measure the fidelity of simplified model are described. The actual simplification and
multiresolution methods are described in the Chapter 3 and the applications and
remaining issues are presented in the Chapter 4 and 5.

3.2 Evaluation
3.2.1 Simplification error evaluation: measurement of the output
quality

3.2.1.1 Definition: geometric opposite to perceptual evaluation
The simplification process consists in a process of obtaining a simplified
triangulated mesh M’ as similar as the original mesh M. For many algorithms, this
similarity is denoted as an error. In order to evaluate the accuracy of the approximated
mesh obtained and consequently evaluate the differences between the two meshes,
researchers need to have a precise evaluation of the error of this simplification or a tight
and guaranteed upper bound on the error that will guide the selection of the appropriate
level of detail that meets the desired graphics fidelity during the simplification and
rendering processes. The human visual system and human intuition is not sufficient for
this kind of error measure because not appropriate for any LOD systems. The problem to
which the researchers are confronted is the definition of this similarity. This similarity
can be defined in terms of geometry (shape of the two meshes, viewing conditions such
as size and orientation of the shape on the screen) but also in terms of appearance (color,
texture, normals).
The error metrics can be used along the simplification and rendering process or after
simplification to evaluate the quality of the results. In this last case, a tool is available
Metro which is overviewed later in this paper. Nevertheless it can be more appropriate to
measure the error during the simplification process when we generate a large number of
levels of detail as in the case of a hierarchy for view-dependent adaptation.
Two kinds of approaches can be employed during the simplification process according to
the researched goals:
• Minimizing the number of polygons: given an error bound ε, the goal is to
minimize the size of output mesh, which is called fidelity-based simplification by
Luebke et al in his survey [Luebke2002]
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Minimizing the approximation error: given an expected size of the mesh, the goal
is to minimize the error ε, which is called budget-based simplification by Luebke
et al in his survey [Luebke2002]

3.2.1.2 Approaches for estimating simplification errors:
3.2.1.2.1 Locally bounded error
Local bounded error approximation is used when the approximation accuracy is known
around each surface entity. Most of decimation methods are using this error
approximation.

3.2.1.2.2 Globally bounded error
Global bounded error approximation is used when the approximation accuracy is known
only for the entire simplified mesh. This approximation error is employed in several
simplification techniques such as simplification envelopes, superfaces, clustering
approaches, and methods based on the conversion into an intermediate hierarchical
representation.

3.2.1.2.3 Image-space error evaluation
Previously mentioned error metrics are mainly concerned with similarities in geometric
space. The visual degradation can be controlled taking care of preserving curvature and
sharp edges which gives a good control of the appearance of the shape. Pictorial
information (color and texture) are from a primordial important factor in perception.
Color discontinuities are managed carefully by Reddy, Hoppe, Certain and Soucy.

3.2.1.3 Tools for estimating simplification errors:
3.2.1.3.1 Geometric approximation error
The goal of geometric error is to preserve the shape of the original mesh as best as
we can. The Euclidian distance allows the measure of distance between two points
p1=(x1,y1,z1) and p2=(x2,y2,z2) and is defined as follow:
d = ( x1 − x2 ) 2 + ( y1 − y2 ) 2 + ( z1 − z 2 ) 2
Three norms exist: L1, L2 and L∞. Each one can be defined by:

x p = 1/ p ∑ xi

p

i

With p=1 for the L1 norm, p=2 for the L2 norm and p= ± ∞ for the L∞ norm.
Let’s take an example: if we have the following triangle, the distance between x and y is
measured as follow:
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in L1 norm: dist(x,y) = 4 + 3

•

in L2 norm: dist(x,y) =

•
•
•

in L3 norm: dist(x,y) = 3 43 + 33 cubic
...
in L∞ norm: dist(x,y) = Max(4,3) or Min(4,3)
according if it tends to –∞ or +∞

3.2.1.3.1.1

1.0

4 2 + 32

L∞ norm: Infinity norm or Chebyshev norm or Hausdorff distance

This norm calculates the maximum of pointwise distances. It can be useful if focusing on the
maximum error occurring in the solution. It is defined by:
k

Emax = max xi − yi
i =1

The closest point from A includes the
closest point from ptA1 which is ptB.
Also the closest point from B is inferior:
the closest point from ptB is ptA2.

Given two points set A and B, the Hausdorff distance measure consists in finding the
closest point in set B for each point of A and vice versa. The Hausdorff distance between
a mesh S and its approximated mesh S’ is defined as follow:

H ( S , S ' ) = max( dev ( S , S ' ), dev ( S ' , S ))
where:

dev ( A, B ) = max ( dist ( a, B ))
a∈ A

dev ( a , B ) = min ( a − b )
b∈B

dev( A, B ) = max min ( a − b )
a∈ A

b∈B

This distance measures the worst case distance that a point on one surface would
have to travel to reach the other surface. This distance is commutative: H(A,B) = H(B,A).
But dev(A,B) ≠ dev(B,A). Hausdorff provides a bound on the maximum geometric
deviation between the two shapes and hence provides the maximum distance between a
point on a profile (= visible silhouette, the visible edges) and the profile of another. The
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profile depends on the view but not the Hausdorff distance. If Hausdorff distance
between S and S’ is 0 then S and S’ have an identical shape.
Hausdorff is the tightest possible bound on the maximum distance between two surfaces.
However, Hausdorff measure is not a good measure neither of shape similarity neither on
proximity of surface orientation between two shapes. The cost of computing this distance
between two polyhedra is significant because it is not sufficient to check the distance
between all vertices of one set and the other set, one must be able to detect the
configuration where the Hausdorff distance is realized at points that lie in the middle of
faces.

3.2.1.3.1.2

L1 norm: Manhattan distance or city block norm

This norm calculates the average of the error (average of the pointwise distances) in the
solution domain in case of cubical cell for example. As p=1, this distance can be defined
by:
k

Eavg = ∑ xi − yi
i =1

3.2.1.3.1.3

L2 norm: Euclidean distance and root mean square

The L2 norm or Euclidean distance is used to measure a distance (length of a vector), an
energy (energy in an image) or an error (amount of error or distortion between an original
signal or image and its reconstruction) in case of spherical cell for example. It is defined
by:

d=

k

∑ (x − y )
i

2

i

i =1

Closely related to this L2 norm, the root mean square error (RMS) is normalized by the
number of elements in the vector or signal. It is based on the principle that each pixel of a
monochrome image is represented by a single number indicating luminance. When I is
the original image and I’ is the simplified image, the root mean square error is defined as:

ERMS =

1
N

∑ (I

xy

− I ' xy ) 2

Where: Ixy and I’xy are pixels from the original and simplified images. This digital
measure is fast and simple; however it leads to some imperfections associated to its
response to visual differences such as visual artifact. It is important to note here that the
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RMS distance can be normalization by N of the Euclidean distance but of the Hausdorff
distance as well.
While the maximum error provides a guaranteed error bound (knowing that the error is
never more than some specified tolerance), the average error can be an indication of the
error across the entire surface as opposed to a few particularly bad locations (maximum
error can be 10 times larger than the average error for many models). The ideal is to
show a compromise between both, bounding the maximum error without allowing the
average error to grow in uncontrolled fashion -> really rarely used

3.2.1.3.2 Non-geometric error / Attribute errors / Appearance approximation
error

3.2.1.3.2.1

Appearance: Screen-space error

Last error measure tools are used to measure the surface deviation in a 3D object
space. However, some parameters such as viewpoint, field of view, etc. can be taken into
account to measure error during the rendering. In the figure 6 below:
• θ is the total field of view
• d is the distance in the viewing direction from the eye point to the level of detail
LOD (or its bounding volume)
• r is the resolution of the screen in pixels
• w is the width of the viewing frustum at distance d
• p (in orange) represents the screen space deviation measured in pixel units
• ε is the length of an error vector.
This technique gives an approximation to the projected size of the error in pixels. The
LOD with the smallest number of triangles to render for the error tolerance t≥p is
rendered, i.e. the LOD whose ε is as large as possible with:

ε
w

=

p
r

and consequently

ε=

pw p ⋅ 2d tan(θ 2 )
=
r
r

36

CADPIPE

State-of-the Art Hardware Based Rendering

1.0

Figure 6: Screen-space error1

3.2.1.3.2.2

Color

The colors of a polygonal model are stored as (r,g,b) triples with each value in the
range [¨0,1]. We then consider the RGB space: red, green, and blue form the orthogonal
basis vectors of the coordinate system. We measure the color error in the RGB space as
in a Euclidian space by computing the RGB distance between corresponding points as:

d color = ( r1 − r2 ) 2 + ( g1 − g 2 ) 2 + (b1 − b2 ) 2
The optimized color value of a simplified vertex may lie outside the valid color range.
Clamping the value to [0,1] keeps it in range but increases the color error.

3.2.1.3.2.3

Texture coordinates

Texture coordinates for polygonal surfaces are represented as (u,v) coordinate pairs that
define a mapping of vertices to points in a 2D texture space. This texture space uses
values in the range [0,1]. Thus the same issues with optimized values going out of range
apply, and clamping remains a viable solution. The difference with color here is that the
texture coordinates are intended to describe a bijection (one-to-one and onto mapping)
between the polygonal surface and the texture space.

3.2.1.3.2.4

Normal

The natural space for normal vectors is on the Gaussian sphere, a unit radius sphere
centered at the origin, on which each point represents a normal vector. The measure for
distance between two normal vectors is an angular distance:

1

J. Cohen. Measuring Simplification Error. Slides talk

37

CADPIPE

State-of-the Art Hardware Based Rendering

1.0

 n   n 
 1x   2 x 
d = ar cos n1y  ⋅  n2 y 

  



 n1z   n2 z 
3.2.1.3.3 Combining approach
A simplification algorithm can measure the geometry error plus other attribute
errors such as color, texture and normal during the evaluation process of the simplified
mesh. For a given operation, we need to weight the error terms for the purpose of
prioritization of simplification operations.

3.2.1.3.4 The Metro tool, an implemented tool to measure surface distance
A tool for the evaluation of the error introduced during the simplification process was
needed. For this reason, Cignoni et al [Cignoni1998] created the Metro tool [MetroTool]
which allows the comparison between surfaces. Based on point-surface distance measure
(see Section III/B/2/c), this tool evaluates the output quality of simplification algorithms.
• Input: Possible inputs for this tool are OpenInventor formats and raw indexed
representation (list of vertex coordinates, list of triangular faces defined by three
indices to the vertex list). Two polygonal models and a sampling distance. One of
the input models is sampled by points spaced at the specified distance.
• Outputs: Based on surface sampling and point-to-surface distances, Metro returns
both numerical and visual evaluations of the meshes’ likeness
o Numerical: Numerical outputs contains information on the topology, the
size, the surface area, the mesh volume, the feature edges total length, the
diagonal of the minimal bounding box, the diameter of the minimal
bounding sphere. Metro computes the maximum and average distance
from the first model to the second.
o Visual: The error is visualized by coloring the pivot mesh with respect to
the evaluated approximation error in order to show how distance function
is distributed across the model. Two different kinds of colors mapping are
available: the per-vertex mapping that assign a color proportionally to the
error on each mesh vertex and the error-texture mapping that computes a
RGB-texture for each face and stores the color-coded errors evaluated on
each sampling point. To these visual representations, are associated a
histogram.

3.2.2 Empirical evaluation of simplification code
Cignoni et al proposed an evaluation of some simplification codes using their
Metro tool [Cignoni98].
The models used for these tests were:
• Bunny [Bunny]:
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o Model of a plastic rabbit scanned
o 34,834 vertices
o 69,451 triangles
• Fandisk [Fandisk]:
o Valid representation of a CAD models
o CAD models have per-vertex normals and a single color
o Sharp edges and sophisticated surface curvature
o 6,475 vertices
o 12,946 triangles
• Femur [Femur]:
o Isosurface from a CT scan of a human femur
o 76,794 vertices
o 153,322 triangles
And the codes evaluated were the following available public domain codes which will be
described later in this paper:
• Mesh decimation (Schroder et al 1992)
• Simplification envelopes (Cohen et al 1996)
• Multiresolution decimation (Ciampalini et al 1995)
• Mesh optimization (Hoppe 1993)
• Progressive meshes (Hoppe 1996)
• Quadratic error metrics simplification (Garland and Heckbert 1997)
Their conclusions can be found in their survey written in 1998 [Cignoni98].
Simplification envelopes are the method which takes the most time, while quadric error
metrics and mesh decimation are the methods that take the least. The best technique at
preserving area is the progressive meshes while the worst are the simplification envelopes
or mesh decimation. Multi-resolution approach is the one that uses the least memory
while simplification envelopes use a large memory.

3.2.3 Performances: Speed complexity and fidelity
The performances of the simplification algorithms can be expressed in term of speed
(time necessary for the computation and the real-time rendering), complexity (the
resulting reduced number of polygons in the simplified mesh in comparison to the initial
number of polygons), and fidelity (the quality of the simplified mesh obtained in terms of
visual artifacts etc.).
As for each scientific research, evaluation is needed to prove the quality of the results. The simplification
algorithms must be evaluated in different terms: the fidelity of the model, the speed of the algorithm, the
storage space needed and the simplification code optimization. The key element of a simplification
algorithm is surely the error metric which compares the simplified mesh to the initial one using some error
metrics controlling the geometry and topology of the mesh as well as the appearance preservation of the
mesh. This evaluation can be done once the simplification process has terminated or at runtime. The Metro
Tool aimed at giving researchers a common meaning of evaluation of their work, however it can not be
used at run-time.
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3.3 Mesh Simplification Approaches Overview
3.3.1 Introduction

3.3.1.1 Classification of methods
The problem of the elaboration of this state-of-the-art is how to classify the
multiresolution approaches. Basically these methods can be sorted in three categories: the
simplification methods using operators based on geometric approaches, the simplification
methods based on error metric and the ones using hierarchical structures. But most of
these methods can be integrated in different parts at the same time as most of them use a
specific operator and an error metric to control the results. Two other categories have
been added for most recent works: the appearance-preserving techniques which take into
account attributes such as color, normal and texture coordinates and the out-of-core
simplification methods which focus on the issue of large models using large amount of
memory.

3.3.1.2 Manual preparation
The creation of various levels of details started in the flight simulator field. These
LOD were made by hand by designers. But this kind of preparation became timeconsuming and a difficult task. The necessity of automating this work appeared and thus
the researches on mesh simplification as well. It appeared that the traditional refinement
methods used to approximate curves and height fields has been abandoned for decimation
methods in surface simplification algorithms.

3.3.2 Operators: how to reduce the number of polygons
Simplification operators can be local and then simplify the geometry and
connectivity in a local region of the mesh, reducing the number of polygons or global and
then operate over much larger regions and help to the simplification of the mesh
topology.

3.3.2.1 Local
3.3.2.1.1 Face / edge swapping
The method used by Hamann and Chen [Hamann1994b] is based on a
refinement for the simplification of tetrahedral convex complexes. Using a local least
square polynomial approximation, weights are assigned to points. The most important
points are inserted in the convex hull (boundary) of the original point set. When a point is
inserted in the triangulation, a local simplification, a face swapping is performed in order
to minimize the local approximation error.
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3.3.2.1.2 Vertex removal
In order to remove redundant geometry information in the mesh, Schroeder et al
[Schroeder1992] proposed a vertex decimation which uses the vertex removal operation. This
operation consists in multiple passes over the vertices of a triangulated mesh. During a pass, a
vertex is considered for removal by evaluating the decimation criteria. This vertex is deleted with
all associated triangles and the resulting hole is retriangulated (see Figure 8). The algorithm then
increases the threshold at which vertices are removed and makes another pass. The algorithm
terminates when it reaches the desired simplification level specified as a number of triangles or in
terms of the decimation criteria. The decimation criteria can be the distance of the vertex from the
average plane of its surrounding triangles. While this method provides efficiency and quality, it is
limited to manifold surfaces and it maintains the topology of the model.
See also: [Renze1996], [Soucy1996], [Ciampalini1997]

3.3.2.1.3 Triangle removal
The triangle removal operation consists in selecting a triangle for removal,
selecting all triangles that are adjacent to the selected one and removing the selected
triangles and finally retriangulating the region.

3.3.2.1.4 Vertex pair collapsing / Virtual edge collapse / Vertex pair contraction
The vertex pair collapsing (or virtual edge collapse) has been introduced by
Schroeder [Schroeder1997]. A vertex pair operator collapses two unconnected vertices
v1 and v2. Since these vertices do not share an edge, no triangle is removed but triangles
surrounding v1 and v2 are updated as if an imaginary edge connecting v1 and v2
underwent an edge collapse (see Figure 8). It permits non manifold meshes and enable
changes to the mesh topology such as closing holes and merging separate meshes. The
difference with the edge collapse operator (described in the next section) is that the two
vertices do not require to be merged by a node to share an edge.

See also: [Garland1997], [Popovic1997], [El-Sana1999a]

3.3.2.1.5 Edge collapsing / Iterative edge contraction
In 1993, Hoppe [Hoppe1993] introduced the edge collapsing operation a form of
vertex merging. This operator collapses an edge (v1,v2) to a single vertex v and thus
remove the edge (v1,v2) as well as the triangles spanning that edge. The inverse operation
is called a vertex split and adds the edge (v1,v2) and the triangles adjacent to it. The edge
collapsing simplifies the mesh while the vertex splitting adds detail to it. They are both
represented in Figure 8. This operator is simple to implement but we must take care to
not apply an edge collapse if it would cause a mesh foldover (see figure 7) or a
topological inconsistency (a manifold mesh can become nonmanifold). The full-edge
collapse, often abbreviated as simply edge collapse is a variant of edge collapse operator.
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Here the collapsed vertex v may be a newly computed vertex. Hoppe takes into account
only manifold surfaces; however this operator deals with non-manifold surfaces as well.
It can close holes in the object but can not join unconnected regions.

Figure 7: foldover issue2

See also: [Hoppe1996], [Geuziec1996], [Ronfard1996], [Algorri1996]

3.3.2.1.6 Half-edge collapsing
This operator, used by Kobbelt [Kobbelt1998], is a variant of edge-collapsing
where the vertex to which the edge collapses to is one of its end points, that is vnew = va or
vb. This operation is represented on Figure 8.

3.3.2.1.7 Triangle collapsing
Hamann [Hamann1994a] presented the triangle collapsing operator which collapses
a triangle (v1, v2, v3) to a single vertex v. The edges that define the neighborhood of v are
the union of edges of the vertices v1, v2, and v3. The vertex v obtained can be v1, v2, v3 or a
newly computed vertex. A representation of this operator can be found in Figure 8. A
triangle collapse is equivalent to tow edge collapses described earlier.

2

A. Varsnhey. Level of Detail Management for 3D Games. Talkslides.
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Figure 8: The different local connectivity operations

3.3.2.1.8 Cell collapse / Vertex clustering (form of vertex-pair contraction) /
Vertex merging / Vertex collapsing
The vertex clustering starts by assigning a weight or importance to every vertex in
the model. For example, Rossignac and Borrel [Rossignac1993] assigned higher
importance to vertices attached to large faces, and to vertices in regions of high curvature
(since such vertices are more likely to lie on the silhouette). This operator simplifies the
input mesh by collapsing all the vertices contained in a certain volume (cell, cluster) to a
single vertex (the most important vertex). Different approaches exist: the cell collapse
can belong to a grid [Rossignac1993], or a spatial subdivision such as an octree
[Luebke1997] or a volume in space [Low1997]. This simplification does not preserve the
topology of the input mesh and the level of simplification and thus the quality of the
resulting simplification depends on the resolution of the grid. This algorithm of
Rossignac and Borrel deals robustly with messy models and degenerate meshes and is
one of the fastest algorithms. However it presents less pleasing visually simplification
results than those of slower algorithms and this simplification is sensitive to the
orientation of the clustering grid since two identical objects at different orientations can
produce quite different simplifications. To resolve this problem of uniform grid
clustering, Low and Tan [Low1997] proposed an alternative to their algorithm using
floating-cell clustering. They center a clustering cell on the most important vertex in the
model and collapse all vertices within the cell to this most important vertex. In the
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process, delete all vertices in the cell from the list. And do again on the most important
remaining vertex. They use spherical cells and thus they test the Euclidean distance (L2
norm) rather than the Manhattan distance (L1 norm) for cubical cell. The problem of Low
and Tan is the asymptotic running time of their algorithm. While providing higher quality
results, one drawback of this approach is that it requires sorting the vertices, which is
generally an O(n log n) procedure, compared to the O(n) running time for Rossignac and
Borrel’s original scheme.

Figure 9: cell collapse or vertex clustering

See also: [Low1997], ([Luebke1997][Lindstrom2000a])

3.3.2.1.9 Polygonal merging / Face merging / Face clustering / Superfaces /
Coplanar facet merging
Based on the same idea than vertex clustering but for faces, faces of the original mesh are
grouped together in clusters. Then one face per cluster is selected and kept. Hinkler and Hansen
[Hinkler1993] were the first one to propose merging nearly coplanar and adjacent polygons into
larger polygons which are then triangulated. For example on Figure 8, the vertex removal could
be compare to a merging of the five up faces into one that is triangulated in the final result of
vertex removal operation. However polygon merging can merge together polygons and not only
triangles.

See also: [Garland2001], [Kalvin1996]

3.3.2.2 Global
The global simplification operators modify the topology of the mesh in a controlled
fashion. They are in general more complex then the local simplification operators.

3.3.2.2.1 Re-tiling / Re-meshing technique
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Turk [Turk1992] distributes a new set of vertices over the surface of a model and
connects them to create a retiling of a surface keeping fidelity of geometry and topology
of the original surface. They found a way of using an estimate of surface curvature to
distribute more new vertices at regions of higher curvature and noticed that a linear
interpolation produced smooth transition between models that represent the same object
at different LOD.
To summarize, the collapse operators (edge collapse, triangle collapse and cell
collapse) are the simplest to implement. As edge, triangle or cell can be reduce to a
single vertex in these approaches, they are well suited for implementing geomorphing
between successive LOD. Fewer triangles need to be updated with the half-edge collapse
than edge collapse which can make it more efficient. The cell collapse has the advantage
to simplify both geometry and topology. It is a robust operator very simple to implement.
Nevertheless this operator is not invariant with respect to rotation and translation and
does not simplify the topology in a controlled fashion.
The vertex removal is harder to implement than the collapse operators since it involves
triangulating a hole in 3D.
The vertex removal operator and the edge collapse operator each have their strengths
and weakness but neither is strictly better than the other. Each can produce triangle
meshes than the other cannot.
Algorithms based on vertex removal and edge collapses have been able to obtain more
drastic simplification (in terms of reducing the polygon count) and produce better
looking simplifications.

3.3.3 Simplification process based on error or energy metrics
In summary, the similarity (or difference) of the shape have been described in a
few features. They are shape differences, curvature differences and image differences.
The curvature difference is simply measured by measuring differences in the curvature or
the curvature is only used to decide which part should be preserved. Thus in this section,
the geometrical shape difference measurements and image difference measuments are
mainly described.

3.3.3.1 Vertex-vertex distance
The simplest approach to measure the error of a simplified model is to measure the
distance between the original vertices and the simplified vertices. The main issues here
are to find the accurate correspondences between vertices and the appropriate
simplification operator. One main problem with this measure approach is that even if
vertices did not change, the surface could have changed dramatically. We can obtain a
Hausdorff distance equal to 0 while the distance at the interior points of the surface can
be much greater. Nevertheless, this distance between vertices can compute a useful bound
on the distance between surfaces in certain circumstances such as vertex merging
operations (edge collapse, cell collapse, etc.). We can quote some works based on this
distance error measure:
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•

the uniform grid-based vertex clustering algorithms of Rossignac and Borrel
[Rossignac1993] and Cohen [1998],
• the hierarchical grid-based vertex clustering algorithm of Luebke and Erikson
[Luebke1997], they evaluate the error represented by a node according to the
bounding sphere containing the node’s region of support, reasoning that vertices
cannot move further than the diameter of the bounding sphere. They then unfold
node so as to minimize the screen-space error obtained by projecting this sphere
onto the screen. “Vertices on the screen can move as far as x pixels from their
original position. Minimize x without exceeding the triangle budget.”
• the floating cell-based vertex clustering algorithm of Low and Tan [Low1997]
This method is appropriate when the topology is changing.

3.3.3.2 Vertex-plane distance
Given a plane with a unit normal n and signed distance from the origin D the
shortest distance from point p = (x,y,z) to the plane is:

d = n ⋅ p + D = nx x + n y y + nz z + D
This distance is more computationally efficient than the distance between two
points. The models used here are composed of planar polygons rather than infinite planes.
Thus the vertex-plane distance methods do not really provide a bound on the maximum
or average distance between models. This error measure requires in general another
metric or a tool such as Metro. Simplification methods based on vertex-plane distance
work well in practice, they are fast and moderately accurate, tending to produce LODs
with measurably low error for a given polygon count. Following are described two
important algorithms using this distance measure: the maximum supporting plane
distance and the quadric error metric.

3.3.3.2.1 Maximum supporting plane distance
Ronfard + Rossignac [Ronfard1996] use edge collapse operations, measuring for
each potential edge collapse the maximum distance between the simplified vertex and
each of its supporting planes. They store plane sets and compute the max distance.

3.3.3.2.2 QEM, Quadric Error Metric by
Garland and Heckbert [Garland1997] modified the error metric of Ronfard and
Rossignac explained above to make it faster and more compact in storage space. The
quadric error metric replaces the maximum of squared vertex-plane distances with the
sum of squared vertex-plane distances as:

Ev =

∑ ( p ⋅ v)

p∈ planes ( v )

2

=

∑ (v

T

p∈ planes ( v )



p )( p T v) = v T  ∑ pp T  v = v T ∑ Q p v = v T Qv v
p∈ planes ( v )
 p∈ planes ( v ) 
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The quadratic form or error quadric Qp is a 4x4 symmetric matrix, computed as ppT and
represented using 10 unique floating point numbers. They store the quadratic form and
compute the sum of square distances.
The quadratic error metrics algorithm offers a combination of speed robustness
and fidelity not previously seen. It is a relatively simple algorithm to implement. It
measures the cumulative surface distortion introduced by a series of vertex merge
operations. It iteratively merges pairs of vertices until it reaches the desired level of
simplification. It begins by finding candidate vertex pairs, including all vertices that share
an edge. The candidate vertex pairs are entered into a priority queue sorted by their
quadric error, and merged in order of increasing resulting error. Merging a vertex pair
changes the error associated with other pairs in the local mesh neighborhood. These pairs
are reevaluated and reinserted into the priority queue. Simplification terminates when the
desired number of polygons is reached.
A quadric is a 4x4 symmetric matrix that captures information about one or more
planes. Given a vertex coordinate v and a quadric Q representing a set of planes,
evaluating (vTQv) gives the sum of the squared distances from the vertex to each plane.
Quadrics are additive, thus the quadric of the union of two sets of planes is the sum of the
quadrics of each set. When two vertices vi and vj with quadrics Qi and Qj are merged to
form a new vertex vk, the quadric Qk is Qi+Qj. The error associated with this merge
operation is (vkTQkvk) which represents the sum of the distances from vk to all the planes
accumulated in both Qi and Qj. The quadric error metrics algorithm begins by calculating
the fundamental error quadric for each triangle in the original model, and initializing the
quadric of each vertex in the original model to the sum of the quadrics of its associated
triangles. The error at each initial vertex is 0 since the vertex lies at the intersection of the
planes of its triangles.

3.3.3.3 Vertex-surface distance
This vertex-surface distance consists in mapping point set to the closest points of
simplified surface and computing the sum of square distances. It attempts to map one
surface to another. The vertices of the original model are mapped to their closest points
on the polygons of the simplified surface. Vertex-surface approaches are generally slower
than vertex-plane approaches because suitable mappings must be found for the many
input vertices. The well-known algorithms of Hoppe using this distance measure are the
progressive meshes and the mesh optimization described below.

3.3.3.3.1 Energy function approaches

3.3.3.3.1.1

The mesh optimization

Hoppe et al. [Hoppe1993] proposed to resolve the mesh optimization problem,
i.e. to produce a mesh of the same topological type as an initial triangular mesh that fits a
set of data points well and has a small number of vertices. To obtain this result, they
minimize the following energy function:
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E ( M ) = Edist ( K , V ) + Erep ( K ) + Espring ( K ,V )
Where: K is a simplicial complex
V is a set of vertex position which defines a mesh M = (K,V) that minimizes the
above energy function.
Edist is the sum of squared distances from the points X = {x1,…,xn}. It is a
distance energy that measures the closeness of fit.
Erep is a representation energy that penalizes meshes with a large number of
vertices. It is set to be proportional to the number of vertices m of K.
Espring is a regularizing term that places on each edge of the mesh a spring of rest
length zero and spring constant k.
This method can recover sharp edges and corners.

3.3.3.3.1.2

The progressive meshes

Hoppe [Hoppe1996] provides thanks to his algorithm, a continuous spectrum of
detail (a continuous LOD), stored as a simple base mesh and a series of refinement
operations. This method follows a greedy edge collapsing algorithm, minimizing the
change to his energy function with each successive edge collapse. During the progressive
meshes process, edge collapses are prioritized according to how they affect the following
energy function:

3.3.3.3.2 Metro tool
The Metro tool described in section II to measure the output quality of
simplification algorithms of Cignoni et al. [Cignoni1998] uses a point-surface distance
metric.

3.3.3.4 Surface-surface distance
They bound the maximum distance between input and simplified surface. A
surface-surface distance metric can provide the strongest guaranteed bounds on the error
of a simplified surface. This metric considers all points on both the original and
simplified surface to determine the error at a given stage of the simplification process.
This approach can be really useful in medicine and scientific visualization applications,
and in the case of scanned models. Indeed, it can be necessary to minimize the error from
this entire reconstructed surface during the simplification process. We will describe some
main algorithms using this approach.

3.3.3.4.1 Simplification envelopes
This method can also be classified as a global decimation approach. Cohen and
Varshney [Cohen1996] start by constructing inner and outer envelope surfaces which
together enclosed the original surface. The original vertices are displaced by a distance ≤ε
along their normal vectors checking that self-intersection with the envelope polygons
does not happen. The inputs of this algorithm are a manifold triangle mesh and an error
48

CADPIPE

State-of-the Art Hardware Based Rendering

1.0

tolerance, while the output is a simplified mesh with a maximum error that is as closed as
possible to the tolerance without exceeding it. Each original vertex is inserted in a queue
for a vertex removal operation. The resulting holes are filled using a greedy triangle
insertion. If a triangle intersects an envelope surface or the rest of the simplified surface it
can be not used to fill the hole. The multiple discrete LODs are found by simplifying the
original model several times with different error thresholds or by cascading the
simplifications (the 1st LOD is simplified to produce the 2nd one, the 2nd to produce the 3rd
one and so on).

3.3.3.4.2 Preserving volume technique
Gueziec [Gueziec1996] uses a bounding volume approach to measuring simplification
error. His error volumes are measured locally and grown iteratively. This algorithm uses
a priority queue of edge collapses ranked by maximum error. A sphere with zero radius is
initially centered at each vertex. As the model is simplified the spheres of the simplified
mesh vertices grow at different rates to indicate the maximum local error. This error is
defined across the entire surface of the mesh by interpolating the vertex sphere radii
across each triangle. The union of these varying radius spheres swept over the entire
triangle mesh forms an error volume and the radius at any given point of the mesh bounds
the maximum geometric deviation error at that point. This error sphere approach can also
be used to measure and optimize maximum errors in color, texture coordinate and normal
attributes.

3.3.3.4.3 Plane mapping
As for the Simplification Envelopes algorithm, the Plane Mapping approach of Bajaj
and Schikore [Bajaj1996] is based on vertex removal operations. The difference comes
from the measure of the error that uses the maximum pointwise mapping distance, where
the mapping function is locally defined by orthogonally projecting the affected set of
triangles before and after the vertex removal operation onto the same plane. Points of
each surface that project to the same location on the plane are corresponding point pairs.
In other words the initial mesh is superposed on the resulting mesh after vertex removal
and retriangulation and the edge crossing points are chosen for error measurement.

3.3.3.4.4 Hausdorff approach
Klein, Leibich and Straβer [Klein1996] described an algorithm based on vertex
removal and the Hausdorff distance. They ensure that for each point in the original mesh
there is a point in the simplified mesh with a Hausdorff distance smaller than a userdefined error tolerance.

3.3.3.4.5 Appearance-preserving simplification
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Since this method of Cohen et al. [Cohen1998] handles appearance attributes
such as color, normal and texture coordinates, we refer you to the section E on
appearance preserving for its description.

3.3.3.5 Image metric
In 2000, Lindstrom and Turk [Lindstrom2000b] use a geometry driven
approach to place new vertices for edge collapses using their memoryless algorithm but
use an image-space error metric to prioritize the edge collapses in the queue. They
measure the error by rendering multiple images of the object using a sphere of virtual
cameras. The cameras are placed at the 20 vertices of a dodecahedron. Each of these 20
camera viewpoints renders an image of the original model and of the simplified model. A
single light source is positioned near each of viewpoints so that the model is fully
illuminated in each image. The human vision relies primarily on luminance for detection
and recognition of form and texture. A pixel is typically represented by a color and a
luminance. Thus a root-mean-squared error of pixel luminance values is computed
between the two sets of pixels from all the cameras. The difference between the pixels of
the two m×n pixels images is then determined by the difference of luminance (Y0 and Y1)
between these two, by calculating the following RMS difference:

1 m n 0
d RMS (Y , Y ) =
( yij − yij1 ) 2
∑∑
mn i =1 j =1
0

1

This RMS error is the edge’s key in the priority queue. This method incorporates
visual errors due to a number of sources, such as motion of the silhouette and deviation of
color, normal and texture coordinate attributes. The number of viewpoints clearly
involves a trade-off between simplification speed and the risk of missing an important
effect. Nevertheless the algorithm is slower than the slowest geometric algorithms, since
rendering and rerendering multiple images for every edge collapse is an expensive way to
measure error. Image-driven solves the problem of how to weight appearance attributes
such as normals, color, and texture versus geometric distortion of the surface. The
advantages of this approach are the excellent fidelity, the good silhouette preservation,
the drastic simplification of hidden portions of the model and texture-content-sensitive
simplification. Nevertheless image-driven simplification can be classified as the slowest
modern algorithm for producing LODs and is very slow for very large models.

3.3.4 Hierarchical representation / Simplified model: how to represent
polygons

3.3.4.1 Grid sub-sampling
A grid sub-sampling is a uniform subdivision that consists in subdividing
polygons with a regular grid. In 1994, Kumler [Kumler1994] compared regular grids and
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general triangulation. He affirmed that general triangulations require three to ten times
the memory of regular grids with same number of vertices.

3.3.4.2 Hierarchical subdivision
A common way to represent a polygon mesh is to have a list of vertices and a list
of faces storing pointers for its vertices. This representation can become inconvenient in
the domain of mesh simplification, which often requires collapsing an edge into a single
vertex for example. For this reason, researchers needed to use some methods to subdivide
these mesh in a certain way to facilitate the management of vertices and faces.

3.3.4.2.1 Basic subdivisions
Quadtrees (2D) and Octrees (3D) refine resolution of voxels hierarchically. We
describe them below.

3.3.4.2.1.1

Quadtrees -> 2D pyramidal

In his paper Samet [Samet1984] described quadtrees as based on the recursive
decomposition of space. Quadtrees can have different type of data represented such as regions,
vertex, etc. For example, the most studied approach has been the region quadtree based on the
successive subdivision of the image into four equal-sized quadrants. Then the leaf node of the tree
corresponds to the region for which no further subdivision is necessary. Thus Von Herzen
[VonHerzen1987] triangulate deformed intersecting parametric surfaces using surface quadtrees.
He chose an adaptive sampling and restricted rather than unrestricted quadtrees. The drawback of
adaptive sampling (more efficient than uniform subdivision) is the recursive subdivision process
and the set of subdivision criteria (such as curvature, intersection, proximity and silhouette).

3.3.4.2.1.2

Octrees ->3D pyramidal

Andujar [Andujar1996] worked on an automatic simplification of general 2D manifold
polyhedra using an intermediate octree representation. Later Luebke and Erikson [Luebke1997]
uses the cell collapse (or vertex clustering) operator with a recursive octree providing an adaptive
version of the Rossignac-Borrel uniform grid approach. They use an octree vertex hierarchy that
they called vertex tree in which every node has at most eight children. A cell collapse operation
merges all vertices in an octree cell to the single “most important” vertex so that interior nodes as
well as leaves represent vertices of the original model. Using a screen space error threshold, they
collapse nodes which occupy a small amount of the screen.

3.3.4.2.2 Triangulations

3.3.4.2.2.1

Quaterny triangulation

Gomez and Guzman [Gomez1979] approximated height fields thanks to their quaterny
triangulation. In their method, each triangle is subdivided into four sub-triangles until a maximum
error tolerance is met.
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Figure 10: Quaterny triangulation

3.3.4.2.2.2

Ternary triangulation

DeFloriani et al. [DeFloriani1984] introduced a hierarchical ternary triangulation method
in which points are inserted in triangle interiors and each triangle is split into three subtriangles
by adding edges to its vertices.

Figure 11: Ternary triangulation

3.3.4.2.3 Voxelizing
Voxelizing consists in a partition of space into uniform grid where grid cells are
voxels. The color and the density are stored in each voxel. He et al. [He1995][He1996]
and Nooruddin and Turk [Nooruddin1999] based their simplification of the topology on
a voxelizing or conversion of the input objects into a volumetric grid. Then they apply a
topology simplification operation in volumetric domain and finally use an isosurface
extraction method to convert the volumetric densities into a triangle mesh. While He uses
a low-pass filtering as topology simplification operator, Nooruddin uses morphological
operations of dilatation and erosion. He et al. place a filter at each grid value and the
approach computes the intersection of the geometric primitive with the filter kernel
extent. This intersection amount produces a filtered density value for each voxel,
enabling data sets derived from polygonal meshes and implicit functions to be treated in
the same manner as innate volumetric data sets such as those from CT or MRI scans.
Finally they apply a low-pass filter to each of the grid values of the volumetric buffer and
use an isosurface reconstruction using a method such as the Marching Cubes algorithm
[Lorensen1987].

3.3.4.2.4 Wavelet
In order to represent some restricted meshes with subdivision connectivity,
Lounsbery et al. [Lounsbery1994] introduced a multiresolution representation. Since a
simple base mesh (the complex object with a low resolution), they progressively apply
local corrections called wavelet coefficients. They add smaller wavelet coefficient as the
viewer approaches the object and remove them as the viewer recedes. Threshold for
removal can be chosen such that the resulting approximation is guaranteed to be within a
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specified error tolerance of the original mesh. Nevertheless the subdivision connectivity
restriction stays an unresolved issue with this method. Thus Eck et al. [Eck1995]
proposed a method converting completely arbitrary meshes into multiresolution form
using these wavelet coefficients. To avoid the adaptive triangulation issue, Gross et al.
[Gross1996] used the wavelet transform (WT) to control the data approximation. They
used inverse WT as criteria for vertex removal and introduced a new type of wavelet
space filtering to help defining local regions of interest. They build a quadtree
representation of the initial mesh by removing dyadic vertices. Wavelet coefficients after
3D wavelet transform are grouped together in a tree.

3.3.4.3 Vertex/Point tree hierarchy
Aiming to perform real-time adaptive simplifications, Xia and Varshney
[Xia1996] built a binary vertex hierarchy structure over the vertices of the model that
they called a merge tree. This method consists in storing edges collapses in a hierarchical
manner. The construction of this merge tree is done off-line as a preprocessing stage
before the interactive visualization. They use ecol/vsplit transformations to create a
simplification hierarchy. First all vertices are entered as leaves at level 0 of the tree.
Then, for each level, a set of ecol transformations is selected to merge pairs of vertices
and the resulting subset of vertices is promoted to level l+1. These ecol are chosen based
on edge lengths and in order that their neighborhoods do not overlap. The topmost level
of the tree (the forest) corresponds to the vertices of a coarse mesh. The binary hierarchy
structure has the advantage that individual nodes require less storage since for example
nodes need not store the number of children. Plus, a node can avoid storing indices of
both children by guaranteeing that sibling nodes are stored in adjacent positions of an
array. Lending to efficient traversal this regular structure of a binary hierarchy has also
the disadvantage of very fine granularity it imposes. Since each node represents an edge
collapse folding a node removes only 2 triangles from the mesh. Thus the hierarchy will
contain many nodes and many folds and unfolds will be needed each frame to achieve the
desired LOD. Hoppe [Hoppe1997] based his method of progressive meshes on this
vertex hierarchy processing, but let the hierarchy be formed by an unconstrained,
geometrically optimized sequence of vsplit transformations (from an arbitrary PM) and to
introduce as few dependencies as possible between these transformations, in order to
minimize the complexity of approximating meshes.

3.3.4.4 Polygonal hierarchy
In 1989, De Floriani [DeFloriani1989] created a Delaunay pyramid i.e. a hierarchy of
Delaunay triangulations. Each triangle stores the set on input points it contains and the error of its
candidate point. On each pass, the set of triangles is scanned to find the candidate if highest error,
this point is inserted using incremental Delaunay triangulation and the candidates of all the
triangles in the modified region are recomputed. Recomputing the candidate of a triangle requires
calculating the error at each point in the triangle’s point set. Cignoni et al. [Cignoni1994]
extended the 2D Delaunay pyramid of De Floriani for representing terrain data in 3D. They
proposed a Delaunay refinement strategy where the choice of the vertex to select is based on the
point causing the largest error with respect to the original scalar field. Their multiresolution
model is based on a decomposition of the three-dimensional domain into tetrahedra.
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3.3.4.5 Sphere hierarchy
Kim et al. [Kim1998] proposed a new data structure called multiresolution view
sphere that they called later AGSphere [Kim2004]. The sphere is then used to map the
directional relationship between object surface and the viewpoint. Their goal was to
implement a fast algorithm capable to render object while preserving its silhouette. Using
quad-like tree and half-edge structure, they developed an efficient mesh merging
algorithm based on a cell hierarchy.

3.3.4.6 Simplicial complex hierarchy
Popovic and Hoppe [Popovic1997] introduced a new format for storing and transmitting
triangulated models: the progressive simplicial complexe (PSC). It is a generalization of the
progressive meshes (PM) that start with a coarse base model (a single vertex) that they
progressively ameliorate with refinement transformations. The difference is that here the model
can be an arbitrary triangulation (any dimension, non-manifold, non-orientable, non-regular) and
it allows topological changes. Popovic and Hoppe use a different refinement transformation, the
generalized vertex split that encodes both the geometry and topology of the model. Their
algorithm allows geomorph between any pair of models in the sequence. DeFloriani et al.
[DeFloriani2004] treated non-regular, non-manifold two-dimensional simplicial meshes that they
call triangle-segment meshes at different LODs. They developed a model for multiresolution
representation of such triangle meshes that they called Non-Manifold Muli-Tesselation (NMT).
And they constructed a compact data structure for triangle-segment meshes through vertex-pair
contractions. This structure represents both connectivity and adjacency information with a small
memory overhead.

3.3.5 Appearance preserving methods
Quite recently, researchers take into account not only the geometry but the
appearance attributes of the mesh to simplify for a better fidelity. Researchers tried to
preserve attributes of colors, normals and texture coordinates, while other focused their
work on the parameterization of the mesh for better smoothness and which can be used
for texture mapping.

3.3.5.1 General appearance preserving
Instead of taking into account only the geometry of the simplified meshes, some
researchers are interested by the appearance attributes such as color, normal and texture
coordinates. Analysing surface geometry (shape) and color separately became necessary.
Thus, Certain et al. [Certain1996] extended the work of Eck based on the
multiresolution analysis to simplify arbitrary meshes [Eck1995] to colored meshes by
separately analyzing shape and color. They make use of texture mapping hardware to
render the color at full resolution. Hoppe [Hoppe1999] proposed as well to separate the
geometric error from the attribute error. Based on the work of Garland and Heckbert on
quadric error metric [Garland1997], he developed an improved quadric error metric for
simplifying meshes with attributes. His method incorporating attributes in quadrics,
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requires less storage and computation and produces better-looking results. Researchers
realized the necessity to find new accurate metrics for attributes of the mesh. Thus,
Cohen et al [Cohen1998] sampled the surface position (represented by the coordinates of
the polygon vertices), the surface curvature (represented by a field of normal vectors
across the polygon) and color attributes (represented as a field across the polygons) and
introduced a new metric called “texture deviation metric”. The user-specified error
tolerance ε is a screen-space deviation in pixels units. A particular point on the surface
with some color and some normal may appear to shift by at most ε pixels on the screen.
The primary visual artifact is then a screen-space distortion of the texture and normal
maps, which the user can control by choosing an acceptable tolerance for the texture
deviation at run-time. The texture deviation between a simplified mesh Mi and the
original mesh Mn at a point piЄMi is defined as ||pi-pn|| where pn is the point on Mn with
the same parametric location in the texture domain. Cohen et al track texture deviation
conservatively by storing a bounding error box at each mesh vertex. Possible input
models of their algorithm are CAD models with per-vertex normals and a single color,
radiositized models with per-vertex colors and no normals, scientific visualization models
with per-vertex normals and per-vertex colors, and textured models with texture-mapped
colors with or without per-vertex normals. Erikson and Manocha [Erikson1999] treat
models that contain both non-manifold geometry and surface attributes, such as
radiositized scenes, textures and scanned meshes, CAD environments and terrain models.
They grow error volumes for appearance attributes as well as geometry. Their General
and Automatic Polygonal Simplification (GAPS) uses an adaptive distance threshold and
a surface area preservation along with a quadric error metric to join unconnected regions
of an object. In the opposite, Reddy [Reddy2001] is the first researcher to have based his
researches of LOD system on visual perception. He proposed a visualization system that
specifies how much detail a human can perceive under various circumstances by
removing detected imperceptible details in an image.

3.3.5.2 Smooth parameterization /Parameterization for smoothing
In order to ameliorate the fidelity of the simplified models, researchers are
interested by their smoothing and used parameterization to obtain good results.
Parameterization is the process of mapping a surface onto regions of the plane. It allows
operations on a surface to be performed as if it is flat. It is essential for texture mapping,
morphing, re-meshing and surface reconstruction. The mapping of curved surface can be
authalic (area-preserving) or conformal (angle-preserving) but never isometric (distancepreserving, i.e. authalic and conformal at the same time). Parameterization can be done
after the mesh simplification or during the process of simplification.
Local parameterization
Most of conformal parameterization only deal with genus zero surfaces and have
to segment the surfaces into patches. These methods decompose meshes into topological
disks and then parameterize each patch individually. Thus, after the mesh optimization of
Hoppe et al. [Hoppe1993], who proposed an approach of energy function minimization,
Eck et al [Eck1995] introduced discrete conformal parameterization in 1995. They
formulated the parameterization problem as the minimizer of an energy which measures
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the quality of the parameterization. They tile an arbitrary topology surface in patches or
charts (regions each homeomorphic to a disc) grouped in an “atlas of charts” using a
Voronoi-like decomposition and Delaunay triangulation and iteratively improves local
parameterization by cycling over sub-regions of the mesh. The conformality of the map
consists in scaling the metric and allows the preservation of angle-preserving property.
This local parameterization is based on the theory of harmonic maps to minimize the
distortion. Find a parameterization consists here in fixing a homeomorphism g between
the boundaries of D (topological disk DCM M the original mesh) and the boundary of the
polygonal region P (CR2) and then there is a unique harmonic map h: D -> P that agrees
with g on the boundary of D and minimizes metric dispersion, i.e. minimizes the extent to
which a map stretches regions of small diameter in D which is equivalent to the measure
of metric distortion. Similarly, Levy [Levy2002] uses conformal parameterization using
as well texture atlas. Their parameterization is based on a least-square approximation of
the Cauchy-Rieman equations. The drawback of an atlas is the presence of visible seams
on the surface.
Global parameterization
The previous local conformal parameterization methods introduce discontinuities
along patch boundaries and conformality can not be preserved everywhere. For these
reasons remeshers used global conformal parameterization. Khodakovsky et al
[Khodakovski2003] proposed a new parameterization algorithm for arbitrary topology
surface meshes: a globally smooth parameterization with low distortion. The
parameterization can be classified according to their rate distortion (r/d) performance.
Firstly, Khodakovski et al contruct the base complex which encodes the topological
relation between patches. This base complex governs the patch layout and forms the
parametric domain of the surface. Then the control the smoothness and distortion of the
mesh in particular at patch boundaries. Khodakovsky et al use the vertex removal
operator and retriangulate the hole left by the removed vertex and its incident triangles
that admits little distortion. They use the mean-square magnitudes relative to the
bounding box diagonal and the L2 error for their error metrics. But contrary to Levy
[Levy2002], the algorithm of Khodakovsly et al does not fix the patch boundaries. In an
alternative approach based on the control of smoothness and distortion, Gu and Yau
[Gu2003] proposed a global conformal smooth parameterization for surfaces with
arbitrary topologies, with or without boundaries. They were the first to solve the problem
of global conformal parameterization of nonzero genus surfaces with boundaries. Their
method is based on the properties of gradient fields of conformal maps which are
closeness, harmony, conjugacy, duality and symmetry.
Spherical parameterization
Gotsman, Gu and Sheffer [Gotsman2003] used a different approach for their
parameterization. As a closed manifold genus zero mesh is topologically equivalent to a
sphere, they parameterize a triangle mesh onto the sphere, assigning a 3D position on the
unit sphere to each of the mesh vertices, minimizing the distortion measure, and avoiding
that individual planar triangle overlap. Praun and Hoppe [Praun2003] shows that
geometric models described by closed genus zero surfaces are better parameterized by
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sphere since it does not require cutting the surface into disks. They resample spherical
parameterization into geometry images (see next section).

3.3.5.2.1 Geometry images GIM
Gu et al [Gu2002] proposed to remesh an arbitrary surface onto a completely regular
structure called geometry image. They capture geometry as a simple 2D array of
quantized points. Surface signals such as normals and colors are stored in similar 2D
arrays using the same implicit surface parameterization. Texture coordinates are absent.
They create geometry images by cutting an arbitrary mesh along a network of edge paths
and parameterize the resulting single chart onto a square. Geometry images can be
encoded using traditional image compression such as wavelet-based codes. Nevertheless
this technique can not represent non manifold geometry. As error metric they use a Peak
Signal to Noise Ratio PSNR = 20 log10 (peak/d) with peak the bounding box diagonal,
and d the symmetric RMS Hausdorff error (the geometric distance) between the original
mesh and the reconstructed geometry. Unfortunately models of high genus can be
problematic and may require long cut to open up all the topological handles.

3.3.5.3 Texture mapping
Maillot et al [Maillot1993] used an atlas approach for texture mapping. They partition a
mesh into charts based on bucketing of face normals. Their parameterization method
optimizes edge springs of non-zero rest length. Based on iterative edge contraction and
quadric error metrics, Garland and Heckbert [Garland1998], Garland and Heckbert
extend their previous algorithm on quadric error metric [Garland1997] to handle vertex
attributes. Sander et al [Sander2001] have exposed their method that constructs a
progressive mesh for an arbitrary mesh where all meshes in the progressive mesh
sequence share a common texture parameterization. They take into account closed objects
by splitting a closed object into a series of patches called “atlas of charts”. This texture
atlas allows the same texture image(s) to be used for all LOD mesh approximations in the
progressive meshes sequence. Sander et al need to study the trade-off between texture
quality (stretch) and geometric quality (deviation). In order to resolve the problem of
texture boundary (see Figure 12), Kim and Wohn [Kim2001] proposed a multiresolution
texture mapping method for AGSphere and vertex-tree based structures. They generate a
set of hierarchical texture images to be mapped onto the hierarchical geometry. The error
metric used is similar to the one introduced by Cohen [Cohen1998]: the texture deviation
metric.
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Figure 12: Texture boundary issue during an edge collapsing

3.3.6 Out-of-core simplification methods OoCS (for very large
arbitrarily models)
Face to the explosion of the models size the last few years, researchers had to find
methods for out-of-score visualization, i.e. for models that are too large to fit in main
memory. For example, the Michelangelo’s sculptures made by IBM [Bernardini2002]
and Stanford University [Levoy2000] contain up to two billions triangles. These
enormous datasets became a challenge not only for the rendering or compression part but
also for the simplification methods. The “memoryless” approach of Lindstrom and
Turk [Lindstrom1998] minimizes the use of memory and is used for large models. They
preserve volume and area as simplification progresses using an incremental rather than
total error. It is one of the fastest and most memory efficient algorithm but it is not
enough for these really large datasets. The internal storage to represent a n-vertex model
rises to a minimum of 160n bytes with this method. Thus simplifying a one billion vertex
model to a few million triangles would require 160GB of RAM and weeks to compute.
Thus researchers proposed out-of-core simplification algorithms based on spatial
clustering, surface segmentation or streaming.

3.3.6.1 Spatial clustering
Lindstrom [Lindstrom2000a] improved in execution time and quality the vertex
clustering algorithm of Rossignac and Borrel [Rossignac1993] by using the quadric error
metric introduced by Garland and Heckbert [Garland1997] which has been later
improved by Lindstrom and Turk [Lindstrom1998] for positioning vertices. His
algorithm has the advantage of computing only one single pass over the input mesh and
not using any disk space beyond the input mesh. Nevertheless, mesh of arbitrary large
size can be simplified but the complexity (the number of vertices or triangles) of the
output mesh is limited by the amount of memory available. The same problem is present
in the extension of this algorithm by Shaffer and Garland [Shaffer2001] who makes
two passes over the input mesh. Their algorithm requires more RAM than OoCS in order
to maintain a BSP-tree and additional quadric information in-core. To avoid this kind of
issue, Lindstrom with Silva [Lindstrom2001], extended this previous algorithm by
making it independent of the available memory of the host computer. Their technique
uses disk instead of main memory but avoiding costly random accesses. They also
focused on the preservation of surface boundaries without making use of connectivity
information and they constrained the position of the representative vertex of a grid cell to
an optimal position inside the cell. Later Garland and Shaffer [Garland2002] proposed
a combined approach with two phases both based on quadric error metrics. The first
phase consists in an out-of-core uniform one-pass clustering while the second phase
applies an in-core iterative edge contraction to produce approximation of good quality.

3.3.6.2 Surface segmentation
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Bernardini [Bernardini1999] uses a radically different approach to out-of-core
simplification by segmented the model up into patches that can be simplified
independently in-core and then merged in a preprocessing phase. Hoppe [Hoppe1998]
uses a similar method for creating hierarchical LOD for height-fields. His technique has
been generalized to arbitrary meshes by Prince [Prince2000]. Based on a similar surface
segmentation, El-Sana and Chiang [El-Sana2000] proposed an external-memory
algorithm to support view-dependent simplification of datasets that do not fit in main
memory. During the run-time only the portions of the view-dependence tree that are
necessary to render the given LOD are kept in main memory. Still to resolve the problem
of RAM size, Cignoni et al [Cignoni2003] presented a data structure called Octree-based
External Memory Mesh (OEMM) which supports external memory management of huge
meshes. Besides, in order to enhance the quality of the output from the simplification,
Choudhury and Watson [Choudhury2002] proposed a fully adaptive simplification of
massive meshes at reasonable speed.

Figure 13: Difference between adaptive and uniform

3.3.6.3 Streaming
Wu and Kobbelt [Wu2003] proposed an out-of-core mesh decimation algorithm
that takes in consideration input and output of arbitrary size. They read the input from a
data stream in a single pass and write the output to another stream while using only a
fixed-sized in-core buffer. They use then an incremental mesh decimation based on edge
collapses and the quadric error metric. Recently, Isenburg et al. [Isenburg2003]
introduced the concept of “processing sequence” which fixes a traversal order of the
mesh and supports access to full connectivity and geometry information for the active
elements of this traversal. They proved that this concept can be useful in other areas such
as parameterization, remeshing or smoothing for which only in-core solutions exist. This
representation allows streaming very large meshes through main memory while
maintaining information about the visitation status of edges and vertices. This processing
sequence provides an ideal input to Wu and Kobbelt’s stream-based method.

3.3.7 Summary
In the next table, we tried to group together the works which seem to us the
determinant results in the simplification mesh field. And we tried to compare these
methods showing their main features to take into consideration.
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Texture deviation
RMS
Screen-space
L∞ + Dist. energy
RMS Hausdorff
L2 + Linf
Texture deviation

None
Screen-space
Screen-space
Euclidean dist.
Distance energy
L2

Vert-plane dist.
Hausdorff dist.
Distance energy
Distance energy
L∞
L2

Approx.

Yes

No
No
No
No
No
No
No

No
No
No
No
No
No

No
No
No
No
No
Yes

QEM
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Topo.: Yes if topology is preserved, No otherwise
Inc.: Yes if incremental, No otherwise
App.: Yes if appearance is preserving, No otherwise
View: Indep. if view-independent, Dep. if view-dependent
Surfaces: treated surfaces types with:
M: manifold,
NM: non-manifold,
H: Height fields,
CAD: Computer-Aided Design models,
NO: non-orientable,
NR: non-regular,
O: orientable)
Global/Local operator: Global or local operators can be:
Delaunay ref.: Delaunay refinement
Local refinement:
Coll./Split.: based on collapses and splits
Vert. rem.: Vertex removal
Local decimation:
Triang. rem.: Triangle removal
Edge coll.: Edge collapse = iterative edge contraction,
Local region-merging:
Vert. pair coll.: Vertex pair collapsing = vertex pair contraction
Vert. clust.: Vertex clustering = cell collapse,
Global
Approx.: the approximation error used

LEGEND:

CADPIPE
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In this section we tried to give an overview of the different features necessary for the
elaboration of a simplification algorithm. Most of works in the field of polygonal
simplification require an operator using to simplify the geometry of the mesh, an error
metric and a data structure (i.e. a hierarchical representation).These choice of these
three features are the key point of simplification methods.
Operators: While the vertex clustering operator brings some really fast robust and simple
solution but with low quality results, the vertex removal and edge collapsing operators
bring complex solution but with higher quality results.
Error-based approach: In terms of simplification process based on error measures, it
appeared that the vertex-vertex distances are the fastest and most robust techniques
followed by the vertex-place measures. The vertex-vertex measures provide guaranteed
bounds on quality but these are typically much looser than we would like. They are also
easy to implement. The vertex-plane measures produce much higher-quality models
overall, but the latest quadric error measures do not guarantee a particular quality, so
they do not support fidelity-based simplification systems. They are slightly harder to
implement than vertex-vertex measures requiring a few more functions in your algebraic
toolbox. The vertex-surface and surface-surface measures are somewhat slower than the
1st two ones simplifications but the surface-surface measure provide guaranteed error
bounds on their output, making them useful for both fidelity-based and budget-based
simplification systems. Surface-surface measures are difficult to implement compared to
the 1st two approaches requiring more geometry-based coding rather than just a few
algebraic tools.
Hierarchical representation: different representations are available to support
progressive simplification, however this hierarchical require some storage space. While
hierarchical subdivision methods are relatively fast and simple to implement and facilate
the simplification process, they yield poorer quality than more general triangulation
methods (for example quadtrees and quaterny triangulation can result in cracks in the
surface.
Out-of-core: while some out-of-core algorithms have been proposed, the management of
the memory stays an unresolved bottleneck.
Appearance: while recent appearance-preserving algorithms improved greatly the
quality of the simplified mesh, these algorithms are still slow. Plus, appearance
preserving simplification using vertex normals needs correctly oriented normals, which is
not always the case.

3.4 Applications
3.4.1 Data acquisition projects

3.4.1.1 Digital Michelangelo project
A team of 30 faculty, staff and students from the Stanford University and the
University of Washington spent the 1998-1999 academic year in Italy scanning the
sculptures and architecture of Michelangelo [Levoy2000]. The goal of this project is to
produce a set of 3D computer models and make these models available to scholars
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worldwide. The largest of these models, the David, consists of approximately two billion
polygons and requires 32GB of storage! Rendering all these polygons at once would
produce many imperceptible details.

3.4.1.2 Visible Human project
The Visible Human project consists in the creation of complete, anatomically
detailed, three-dimensional representations of the normal male and female human bodies.
It has generated over 18,000 digitized sections of the body. This dataset of digital images
are stored in MRI, CT and anatomical modes. The goal of this project is to serve as a
reference for the study of human anatomy, to serve as a set of common public domain
data for testing medical imaging algorithms and to serve as a test bed and model for the
construction of network accessible image libraries.

3.4.2 Project on rendering and transmission

3.4.2.1 ARTE: an Adaptive Rendering and Transmission Environment
Numerous techniques have developed to permits the transmission and rendering of
complex 3D models such as model compression, streaming techniques, model
simplification and level of detail management. Martin [Martin2000] implemented a
client-server system that transmits models of varying complexity to clients with different
graphics capabilities, over networks, over different types of connections.

3.5 MAIN ISSUES TO RESOLVE
Different issues stay unresolved that we will describe in this section. First the size
of objects continues increasing every year with the progresses of the scanner and MRI
systems. Second the real-time displays of these objects are still a main issue to resolve.
Then the diminution of the objects size results in a poor fidelity of the simplified model
compared to the original one. Consequently it is important to find specific accurate error
metric linked to this fidelity which will allow researchers to obtain a tradeoff between
process/storage time and quality. To finish we will intent to list the main features to take
into consideration according to the domain of application: simulation, mechanical
simulation and architectural simulation.

3.5.1 Which hierarchical representation for virtual world?
The simplification of huge objects such as the David from the Digital
Michelangelo project with two billion polygons has been managed by recent out-of-core
researches (see section…) nevertheless RAM size is often a bottleneck and it is still
needed to manage this massive size while preserving high quality simplification. Fast
simplification algorithms that decrease greatly the size of the mesh, such as the vertex
clustering method of Rossignac and Borrel, result often in low quality simplified models.
In the opposite, some slow algorithms, such as image-driven simplifications, result in
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really high quality models but are computationally expensive. Consequently researchers
tried to use a trade-off between the quality and the process/storage time. Thus the
Quadric Error Metric of Garland et al. is one of the best balances between speed,
robustness, simplicity and fidelity.

3.5.2 Which resolution for real-time visualization?
One of the main issues to resolve is to visualize in real time the object for different
reasons:
• In the domain of video games: when the viewer (the player) moves around in the
scene he can get further or closer from an object and thus the visualization in realtime is needed
• In the domain of CAD development: when designers construct CAD systems they
need to visualize their CAD representations several times per hour and thus it is
important to visualize this CAD objects on real-time in order to not loose time
waiting for this display
• In the medical domain: if a surgeon uses a system that visualizes a certain part of
the patient body he needs to operate then the visualization need to be done in realtime as this kind of operation need to be done quickly
• And others applications…
To manage this real-time display, different questions arise: how to manage the LOD,
how to blend the transitions between each LOD switch and how to measure the accuracy
of the fidelity after approximation. The real-time display depends as well on the number
of polygons to visualize and by consequence on the size of the simplified mesh and it
depends on the processing time necessary to obtain the simplified mesh. However
according to which features we give priority, the approach will be different.

3.5.2.1 Centered approaches
The passage from a lower or higher resolution model can be determined according
to different factors. In this section we classify these different factors according to the
point of view we consider. In virtual worlds, we consider two different spaces: the space
of the object itself and the space of the environment.

3.5.2.1.1 Object-centered
For object-centered techniques, we consider the following features:
Distance: further the object is from the viewer, fewer details are needed and thus a lower
LOD can be selected that will not affect greatly the fidelity of the object. We then need a
data structure of different LOD for each object and a list of distance threshold to indicate
when each LOD should be used. Nevertheless as these distances are measured from the
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viewpoint to an arbitrary point within the object, inaccuracy happen since the real
distance to the viewpoint can change depending on orientation.
Size: further the object is from the viewer, smaller the object gets. Thus we project the
object on screen and choose the LOD according to the size of this projection coverage.
Thus we use a list of sizes threshold rather than distances threshold. Contrary to distance,
the entire object is used so we do not need to select an arbitrary point. The result is a
more generic and accurate means for modulating LOD but can also be more
computationally expensive requiring a number of world coordinates to be projected into
screen coordinates.
Priority: objects receive a priority rank so that the objects considered as most important
are degraded the least. For example a glass on the table will be less important than the
table itself. These kinds of techniques are called priority-based or semantic-based
solution.
Hyteresis: in order to avoid too visible lag into the LOD transitions, the objects switch to
a lower LOD slightly further away than the threshold distance and switch to a higher
LOD at slightly closer distance.
Geomorphing (in geometric space): in order to avoid artifacts appearing during
transitions between two LODs, the geomorphing technique inserts new vertices along an
existing edge and later on moves that vertex to its final position (“Morph” means that the
mesh is not static but changes each frame.). It interpolates the vertices of the two LOD at
every frame during the transition. Turk [Turk1992] noticed that a linear interpolation was
sufficient to produce smooth transitions between models. This really complex but really
efficient technique can make screen-space errors of a few pixels (which would certainly
incur visible popping otherwise) appear nearly imperceptible. Hoppe [Hoppe1996]
applied the term geomorph to a similar geometric interpolation between LODs in his
progressive meshes algorithm.

3.5.2.1.2 Environment-centered

3.5.2.1.2.1

Light-centered

The importance of details to maintain can be defined according to the local
illumination. To have more detail in the regions where the illumination changes sharply,
detail must increase in a direction perpendicular and proportional to the illumination
gradient across the surface [Xia1996]. Plus, as the back-facing polygons do not contribute
to the visual realism, a visibility culling should be implemented to simplify these
invisible regions of the object. Other environmental conditions can be created to show
only what we want to show in the simplified scene by generating only a restricted number
of LOD for each object and various environmental conditions to slacken the LOD
distance threshold including clouds, fog, smoke and haze.

3.5.2.1.2.2

Eye-centered

For a better choice of the resolution of the objects in the scene, we should take into
consideration the human perception, not the pinhole camera system. In order to choose
the accurate resolution of the model, we need to ask ourselves the questions: “How much
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detail can we remove from the scene without the user noticing?” It is important to note
that the human eyes are less sensitive to detail of an object that moves rapidly across the
retina. But other factors need to be considered: the background illumination, the pupil
size, the exposure time, the optical deficiencies such as myopa and age, the field of view,
etc. The quantity of detail the eye can resolve is measured scientifically by the spatial
frequency defined in units of cycles per degree (c/deg). While our field of view is about
200degrees horizontally and 135 degrees vertically, the human eye is particularly
sensitive to detail around 8c/deg and this sensitivity drops off to zero at around 60c/deg.
Our eye cannot resolve detail smaller than this limit. Reddy [Reddy2001] is the first
researcher to have based his researches of LOD system on visual perception. He proposed
a visualization system that specifies how much detail a human can perceive under various
circumstances by removing detected imperceptible details in an image. Reddy processes
as follow:
• He calculates highest perceptible spatial frequency at each pixel according to its
velocity and distance from the fovea
• He blurs that pixel using a Gaussian filter with a kernel size equivalent to the
threshold frequency
The silhouette plays as well an important role in the perception of detail. However,
transitions between different LOD lend to distracting “popping”. To combat these
artifacts researchers and developers have proposed number of smooth blending
techniques with the goal of softening the transitions between levels including alpha
blending (in image space) approach. The alpha blending assigns an opacity or alpha
value with the two LODs. An alpha of 1.0 means that the object is opaque while an alpha
of 0.0 means that it is invisible. This technique works as follow: Let’s imagine that we
have an object with two different resolution and we want to switch from the first
resolution LOD1 to the second LOD2. We define a fade range, 10m e.g., for this object.
Then if the object moves away from the viewpoint and the switching distance is 100m
e.g., then when LOD1 reaches 95m, both LOD1 and LOD2 are rendered at the same time
until the object beyond 105m at which point only LOD2 is rendered. This technique is
possible from the point of view of the eye since the LOD1 hides the second LOD. But the
problem is the necessity to have two versions of the same object at the same time and
thus a higher number of polygons to be rendered.

3.5.2.2 Fidelity metric
As said before, we should find an accurate metric to measure the approximation
quality. Most of algorithms evaluate the error using Hausdorff distance. However this
measure is either computationally prohibitively expensive either quite inaccurate. Thus
we should find an error evaluation which lies on the geometrical properties of the model
but the appearance as well. This error should also be defined in function of the needs of
the specific domain. The simplification of the topology can be desirable for a much more
aggressive geometric simplification without scarifying visual realism and can help reduce
aliasing artifacts. However the topology simplification can be unacceptable in the case of
mechanical CAD models and medical imaging for example. Indeed finite element
analysis might require continued presence of certain topological structures such as holes
and voids to determine the strength or stress at different parts of a mechanical part. And
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in medical imaging the data collected from computer-aided tomography (CT) or magnetic
resonance imaging (MRI) scans often have important structures which should not be
simplified. For this reason we need to define the domain of application before to
implement this metric to know if the preservation of the topology is necessary or not.

3.5.3 Domain specific features
In this section we will try to list the main features each domain should follow.
Indeed the features in simulation or in mechanical visualization or in architectural
visualization will differ.

3.5.3.1 Features in simulation
The definition of important features for a simplification algorithm can differ
according to the domain of application. The simulation consists in controlling the shape
of the objects in the scene. Here we describe which kinds of features are studied for
which kind of field.

3.5.3.1.1 Features in mechanical visualization
Memory/disk space: In any application, the memory and disk space can become a real
bottleneck. It is important to find solution to store these huge amounts of data since the
size of recent models can reach billions of polygons with the apparition of new scanners.
In cartography the size of terrains (called height fields in computer graphics) can reach
millions of points with the use of lasers. So the main goal of curve simplification in
cartography (called line generalization) is to remove unnecessary detail while saving
memory/disk space.
Topology preservation and geometry simplification: In mechanical visualization it is
essential to preserve the topology of the original mesh. For example, in Computer
Graphics, the medical and computer-aided design applications study small details of the
objects. The geometry can be simplified to different LOD in the domain of video games
for example. One LOD switch or blend to another appropriate LOD, making transitions
as smooth as possible.
Real-time display: In computer graphics, in the domain of military flight simulators,
video games or CAD for example, the real-time performances are essential. The fast
display of objects or the fast redisplay after the viewpoint moves (called walkthrough)
result in enhancing the realism of the scene. However for off-line processing, such as the
creation of special effects, the real-time is not a main criterion while compact storage is
more important.

3.5.3.1.2 Features in architectural visualization
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Compact storage: Such as in the domain of cartography, saving space is vital for
applications in Computer Vision where range data are acquired by stereo or structured
light techniques (e.g. lasers) that produce millions of data points.
Physical fidelity: In Finite Element Analysis, the pre-process to simulation (called the
mesh generation step) aims to simulate physical phenomena such as the air flow and the
electromagnetic field.
Topology and geometry preservation: In architectural visualization, the topology and
geometry must be preserved. For a fast simulation in Finite Element Analysis, it is
important to obtain a mesh as coarse as possible while preserving physical features of
interest. This kind of simplification is called mesh coarsening in this domain.
We overview in this section the different elements to take into consideration during the
elaboration of a simplification algorithm. These features can differ according to the
domain of application. Thus the topology-breaking can be studied in the domain of video
games in order to increase the speed of the process while the topology has to be
preserved in the domain of Computer-Aided Design and medical application. Some
trade-off must be found between the disk/memory space requirement, the speed of the
simplification and the fidelity of the result.

3.6 Conclusion
Most of simplification techniques require an operator, a data structure to sort
vertices, edges, faces and an error metric to control the quality of the simplified mesh.
Between the speed, robustness and simplicity of the vertex clustering algorithm
[Rossignac1993] and the complexity and better looking results of the vertex removal
[Schroeder1992] and edge collapsing [Hoppe1993], Garland and Heckbert [Garland1997]
found a suitable trade-off between speed, robustness, simplicity and fidelity with their
quadric error metrics approach. Recently, researchers took particular attention to
appearance-preserving [Cohen1998] and out-of-core issues [Lindstrom2000a].
Ameliorations are still needed and this necessity increases with the increase of design
progresses (scanning, etc.). The simplification features vary with the domain of
application. Other factors are not been yet studied in details, but the real-time rendering
of simplified objects depends as well on the visual perception, the LOD transitions
smoothness, the memory storage, etc.
Among recent issues in data reduction, the semantic structures get new interest
from researchers. Semantic structures such as motion parameters for virtual characters
[Oh2005] can do effective role in simplification for specific purpose. In CAD domain,
features like actuators should be preserved better than other parts. Those features should
be identified either manually from pre-specified annotation from CAD design software or
semi-automatically by identifying specific interest areas.
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Available Code
Links to available code are grouped together on this webpage: http://lodbook.com/source/
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www.martinreddy.net/percept by Reddy 2001 to visualize the limits of vision
http://www-users.informatik.rwth-aachen.de/~roberts/software.html

Glossary
Chart:
See patch
Decimation methods:
Work bottom-up. Opposite of the refinements methods, they start with a
triangulation of all of the input points and iteratively delete elements (typically
vertices) from the triangulation gradually simplifying the approximation. They
start with a polygonisation (typically triangulation) and successively simplify it
until the desired level of approximation is achieved. The advantage is that it can
be generalized to volumes.
Distortion metric:
If the input triangle has three edges a1, a2, and a3 and the output triangle has three
edges b1, b2, and b3 then we calculate Li = max{ai,bi} and li = min{ai,bi} and
the distortion is equal to d = max{L1/l1; L2/l2; L3/l3}. The distortion is always
superior or equal to 1. A distortion equal to 1 is equivalent to say that the triangles
are isometric.
Genus:
The genus of the surface X is defined as X = V – E + F (Euler’s formula) where V
is the number of vertices of a polygonal mesh, E is the number of edges and F is
the number of faces.
Harmonic map:
It approximates the conformal map for fixed boundaries
Hyteresis:
A lagging or retardation of the effect, when the forces acting upon a body are
changed, as if from velocity or internal friction; a temporary resistance to change
from a condition previously induced, observed in magnetism, thermoelectricity,
etc., on reversal of polarity.
Incremental:
Operation on a set of data that are the data only added since the last manipulation.
Starts with the original model M0, iterative simplification algorithms generate a
sequence of approximations: M0->M1->…->Mk arriving at the final
approximation. Attention!!! Differs from the progressive mesh notation used by
Hoppe where M0 is the base mesh which, by a sequence of refinements is
transformed into the original mesh Mk. An incremental representation is one
which encodes the original model M0, the final model Mk and all the intermediate
approximations M1,…, Mk-1.
Non-regular:
Non-regular models are models of mixed dimensionality.
Parameterization:
Parameterization is the process of mapping a surface onto regions of the plane.
The specification of a curve, surface, etc., by means of one or more variables
which are allowed to take on values in a given specified range
A shape can be parameterized using different tools:
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•

Discrete approach (fictious load)

•

Bezier & B-Spline curves

•

Uniform B-Spline (NURBS)

1.0

• Feature-based solid modeling (in CAD)
Patch / chart:
Region homeomorphic to a disc
Per-vertex:
A per-vertex color means that the color is assigned to a vertex only and not to the
entire face. The color of the face is obtained by an interpolation between vertices.
And it is the same for per-vertex normals.
Refinement methods:
Work top-down. Refinement methods are multi pass algorithms that begin with a
minimal initial approximation (a coarse approximation), and that insert on each
pass one or more elements as vertices in the triangulation, and repeat until the
desired error is achieved or the desired number vertices is used.
Simplicial complex: mathworld
Simplicial complex is a space with a triangulation. Formally, a simplicial complex
K in
is a collection of simplices in
such that
1. Every face of a simplex of K is in K, and
2. The intersection of any two simplices of K is a face of each of them
View-independent:
The simplification is not dependent on the spectator's position and viewing angle
and need not to be recalculated if the spectator moves. The spectator can not be
included into the simplification process causing that invisible or far parts of the
scene can not be considered differently than near parts.
View-dependent:
The simplification considers the spectator's position and viewing angle and has to
be partially or fully recalculated if the spectator moves. The advantage of viewdependent algorithms is that invisible or far parts of the scene can be simplified
more than near parts. This sometimes increases the visual quality of the result
incredibly.
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